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Abstract- In 1985, Lo [9] introduced the edge — graceful graph which is a dual notion of graceful labeling.
A graph G(V,E) is said to be edge — graceful if there exists a bijection f from Eto{1,2, .., Q } such that

the induced mapping f* from Vv t0 {0,1, 2, ..., p—1} givenby f*(X) :(Z f (xy))(mod p) taken over all
edges XY isabijection. Lo [9] found a necessary condition for a graph with [ vertices and (] edges to be edge —

graceful as q(q +1) EW(mod p). Lee [7-8] conjectured that all trees of odd order are edge —

graceful. In [4], Gayathri and Subbiah studied edge-graceful labeling of some trees. In this paper, we investigate

the edge — graceful labeling of some special trees such as <K1‘ ‘K > N <K1,n : Kl,m>’ Y., FC (1", Ky ), and

mG,,.
Keyword-Edge graceful labeling-EGL

1. INTRODUCTION:

Here we consider finite and undirected graphs
only. For all the terms and notations we refer to
Harary [5].

Labeling of graphs is an assignment of numbers
to the vertices or edges or both satisfying the some
constraints. If the function is defined on the vertex
set it is called vertex labeling. Similarly if the
function is defined on the edge set it is called an
edge labeling.

By a (p, q) graph G, we mean a graph
G=(V,E) with |V|=pand | E | = q.

Labeled graphs find its applications in security
measure of communication networks. Further it
finds its place in X-ray crystallography and coding
theory. Different applications on graph labeling
can be found in [1 -2]. For an excellent survey on
Graph Labeling, we refer to J. A. Gallian [3].

In 1990, Antimagic graphs was introduced by
Hartsfield and Ringel [6]. A graph with g edges is

said to be antimagic if its edges can be labeled with
1,2, ..., q such that the sums of the labels of the

edges incident to each vertex are distinct.

In 1985, Lo [9] introduced the edge — graceful
graph which is a dual notion of graceful labeling.
Every edge — graceful graph is found to be
antimagic. Lee [7-8] conjectured that all trees of
odd order are edge — graceful.

By the necessary condition of edge -
gracefulness of a graph one can verify that even
cycles, and paths of even length are not edge —
graceful. But whether trees of odd order are edge —

n-"tm

graceful is still open. In [4], Gayathri and Subbiah
studied edge-graceful labeling of some trees.
In this paper, we discuss edge — graceful labeling of

some special trees such as <K1n5K1m>’

N <K1,n : Kl,m>’ Yn, FC (1", Ky, 1), and mG,,

2. MAIN RESULTS:

2.1 Definition: [9] A graph G(V, E) is said to be
edge — graceful if there exists a bijection f from
E to {1, 2, .., q} such that the induced mapping

f* from V to {0, 1, 2, .., p-1} given by
fr(x) = (z f (xy))(mod p) taken over all

edges xy is a bijection.
Lo [9] found a necessary condition for a
graph with p vertices and g edges to be

edge —graceful asq(q + 1) =0 or P (mod p).
2

2.2 Definition: The graph <K1n : K1m> is obtained

by joining the center u of the star K; , and the
center v of another star K; , to a new vertex w. The
number of vertices is n + m + 3 and the number of
edgesisn+m+ 2.

2.3 Theorem: The graph <K1,n:K1,m> is edge —

graceful for all n, m even and n = m.
Proof: Let {w, v, V', V1, V2, ..., Vi, Vns1, -y Vnem} DE

the vertices of <K1,n : Kl‘m> and {ey, €, ..., Enem} U
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{e, €} be the edges of <K1n:Klm> which are
denoted as in Fig. 2.1.

Vi Vn+m
N €n+m
V-1 €n1 i Vn+m-1
W .
Vi ey . v

V! Vn+2

<

Fig. 2.1: <Kl,n . Kl,m> with ordinary labeling

We first label the edges as follows:
Consider the Diophantine equation x; + x, = p. The

solutions are of the form (t, p—t) where 1 <t< 9 .
2

There will be 9 pair of solutions.
2

We first define f (e) =q; f (e') =1.
From other pairs, we label the edges of K, , and
Ky m by the coordinates of the pair in any order so that

adjacent edges receive the coordinates of the pairs.
Then the induced vertex labels are:

fr(w=o £(V)=n £7(v) =g
Now, the pendant vertices will have labels

of the edges with which they are incident and they
are distinct. Hence, the graph (K, 1Ky, is edge —

graceful for all n, m even and n = m.
The EGL of <K14 : K12> is illustrated in Fig. 2.2.

2e,

Fig. 2.2: B4, with EGL

2.4 Theorem: The graph <K1H1K1m> is edge —

graceful for all n, m odd and n = m.
Proof: Let {w, v, V', V1, V2, ..., Vi, Vns1, «oey Vnem} DE
the vertices of <K1n . K1m> and {e1, €, ..., €nim} U

{e, e} be the edges of <Kln
denoted as in Fig. 2.1 of Theorem 2.3.

: K1’m> which are

Consider the Diophantine equation x; + X, = p.
The solutions are of the form (t, p — t) where

1<t< g . Therewill be 9 pair of solutions.

2 2
Among 9 pair of solutions, choose the pair (g, 1).
2

We now label the edges as follows:
fe)=a; f(e)=1; f(e)=2; f(e,,)=p-2

As we have labeled the edges e; and e, there
will be even number of edges incident with each v
and V' to be labeled. We label these edges as was
done in Theorem 2.3.
Then the induced vertex labels are:
fr(w)=0; f*(v)=1 f (v)=p-1

The pendant vertices will now receive the labels
of the edges with which they are incident and they
are distinct. Hence, the graph <K1n : K1m> is edge

— graceful for all n, m odd and n = m.
The EGL of <K13 : K15> is illustrated in Fig. 2.3.

Fig. 2.3: (K, : K, ;) with EGL
2.5 Theorem: The graph <K1n : K1m> is edge —

graceful for all n is evenand m = n.
Proof: Let {w, v, V', V1, V2, ..., Vi, Vns1, -y Vnam} DE

the vertices of <K1,n : Kl’m> and {e1, €, .., Enm} U

{e, e} be the edges of <K1,n3K1,m> which are

denoted as in Fig. 2.1, of Theorem 2.3.

Consider the Diophantine equation, x; + X, = p.
The solutions are of the form (t, p — t) where
1<t< q. Therewillbe Q pair of solutions.

2 2
We first label the edges e and e' as follows:
f(e)=a; f(e)=1

From the remaining pairs, label the edges of K, ,
and Ky, by the coordinates of the pair in any order
so that adjacent edges receives the coordinates of

the pairs.
Then the induced vertex labels are:
fr(w)=0; fr(v)=1 fr(v)=q
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Now the pendant vertices will receive labels of
the edges with which they are incident and they are

distinct. Hence, the graph <Kln : K1m> is edge —

graceful for all n is even.
The EGL of <|<14 . K14> is illustrated in Fig. 2.4.

Fig. 2.4: (K, : k,,) With EGL
2.6 Theorem: The graph <K1n3K1n> is edge —
graceful for all n is odd.

Proof: Let {w, v, V', V1, V2, ..., Vi, Vns1, -y Vnam} DE
the vertices of <K1n : K1m> and {e, &, ..., €} U

{e, e} be the edges of <K1n:K1m> which are

denoted as in Fig. 2.1, of Theorem 2.3.

Consider the Diophantine equation x; + X, = p.
The solutions are of the form (t, p — t) where
1<t<q/2. There will be g/2 pair of solutions.

We first label the edges as follows:

f(e)=a f(e)=1

f(0)=2  f(e)=p-2

As we have labeled the edges e; and e,.1, there
will be even number of edges incident with each v
and v* to be labeled. We label these edges as was

done in Theorem 2.3.
Then the induced vertex labels are:

fr(w)=0; f*(v)=1 f*(v)=p-1

The pendant vertices will have the labels of the
edges with which they are incident and they are
distinct. Hence, the graph <K1,n . Kl,n> is edge —
graceful for all n is odd.
The EGL of (K, : K, ;) is illustrated in Fig. 2.5.

Fig. 2.5: <K1,3 : K1,3> with EGL

2.7 Theorem: The graph <K1n ‘K m> of even order

1
is not an edge — graceful graph.
Proof: The graph <K1n:Klm> will be of even

order in the following cases.

(i) nisoddandmiseven

(i) nisevenand mis odd

In both cases, p = n + m + 3 which is even and
hence by Lo’s necessary condition, it is not edge —
graceful.
2.8 Definition: The graph N <K1,n . Kl‘m> is obtained

by joining the each center of N copies of
(Kyp:K,,) 0@ new vertex w.

2.9 Theorem: The graph N <K1n : K1m> (n,m>2)is

edge — graceful for all N, n, m is even.

Proof: Let {u;, vi, wi : 1 <1 <N} U {we} w {uj: 1
SisNI<j<nu{yji1<i<N1<j<m}be
the vertices and {aj;, aip : 1<i<N}u{e:1<i<
N}U{eijlﬁiSN,lﬁan}U
{0§j -1 <j<N 1<]j< m} be the edges of
N <K1,n : Kl,m> which are denoted as in Fig. 2.6.

Vom
.
»
Usn

ez Gom

& T ey
ey Usy
Va1
o a1 " & "
932 W Un
B agy /W3 &1

V32,

Wo,

v
aNWy Wy /a1,
912

EYANU U /ag 011

V12

Vhm

Fig. 2.6: N <Kl,n . Kl,m> with ordinary labeling
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Consider the Diophantine equation x; + X, = p.

The pair of solutions are (t, p—t) where 1 <t< 9.
2

There are 9 pair of solutions. With these pairs,
2

we label the edges by the co-ordinates of the pair in

any order so that the adjacent edges receive the

coordinates of the pairs. Now the pendant vertices

will have the labels of the edges with which they

are incident and they are distinct.

Now the induced vertex labels are follows:
fr(w)=w; 1<i<N;

f+(W0):0'

fr(w) = f(e) I<i=N
£(u) = 1 (a,)i 1<i<N
f+(vi): f+(ai2)' I<i=N

Hence, the graph N(k,:K,,) I8

(n, m > 2) is edge — graceful for all N, n, m is even.

The EGL of 4<|<L2 : K1v2> and 4<|<1Y2 : K1,4> are
illustrated in Fig. 2.7 and Fig. 2.8 respectively.

2
2 15 8 %

10\ /10 15 2\ /b

13

Fig. 2.7: 4(K,, : K, ,) with EGL

1y
1 23
%
A 7 ¥ / a4

1 7

20 18

1
21 v BN
1 33 %y

K]
Fig. 2.8: 4<|<1’2 : K1,4> with EGL

2.10 Definition: A y-tree is a graph obtained from
a path by appending an edge to a vertex of a path
adjacent to an end point and it is denoted by Y,
where n is the number of vertices in the tree.

2.11 Theorem: The y-tree Y, is edge — graceful for
allnodd and n > 11.

Proof: Let {vi, V5, ..., V,} be the vertices of Y, and
{e1, €, .., €1} be the edges of Y, which are
denoted as in Fig. 2.9.

€
€n-1 - €3

Vi V-1 A V3 ) Vo

Fig. 2.9: Y, with ordinary labeling
We first label the edges as follows:

f(e)=i1<is< n+1
f(en+3]: n—+5

- 2
f(en+5]: n—+3

- 2

f(ei):l; n;_? <i<n-1

Then the induced vertex labels are:
fr(v)=11<i<2
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f*(v;)=6
fr(v,)=2i-14<i< n-1
2
f+ Vn+l =0
2
£ (v;)= 3+2I_n;”_+33|s”_+7
2 2 2
fr(v)=2i-n-1; ngrg <i<n

Clearly, the vertex labels are all distinct.
Hence, the y-tree Y, is edge — graceful for all n odd
and n>11.

The EGL of Yq and Y3 are illustrated in Fig. 2.10
and Fig. 2.11 respectively.

Fig. 2.11: Y3 with EGL
2.12 Definition: A fire — cracker is a graph
obtained from the concatenation of m copies of the
stars Ky, by linking one leaf from each. It is
denoted by FC(1", Ky ).

2.13 Theorem: The graph FC(1", Ky,) is edge —
graceful for all m, n even.

Proof: Let {w, wy, Wy, ..., W} U {U;j:1<i<m, 1<
j <n} bethe verticesand {fi: 1 <i<m}u {g;:1<
i <m, 1 <j<n} be the edges of FC(1", Ky,,) which
are denoted as in Fig. 2.12.

W1 g,

Fig. 2.12: FC(1", Ky ,,) with ordinary labeling

Consider the Diophantine equation x; + X, = p.
The solutions are of the form (t, p — t) where

1<t< 9. There will be 9 pair of solutions.
2 2

With these pairs, we label the edges of FC(1", Ky )

by the coordinates of the pairs, in any order so that

adjacent edges receive the coordinates of the pairs.

Then the induced vertex label are f+(W) =0 ;

f*(wi) = f*(fi) 1 <i < m and the pendant
vertices will have labels of the edges with which
they are incident and they are distinct. Hence, the
graph FC(1", Ky,,) is edge — graceful for all m, n
even.

The EGL of FC(1%, Ky,) and FC(1*, Kig) are

illustrated in Fig. 2.13 and Fig. 2.14 respectively.

120

Fig. 2.13: FC(1*, Ky 4) with EGL
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Fig. 2.14: FC(1*, K1) with EGL

2.14 Definition: The graph mG,, is obtained from m
copies of <K1n : K1n> by joining one leaf of i"

copy of <K1’n : Kl’n> with the center of (i + 1)"
copy of <K1n . K1n> where1<i<m-1.

2.15 Theorem: The graph mG, is edge — graceful
for n is even and for all m.

Proof: Let{ui:1<i<m}u{vy:1<i<m}u
{wiil<i<mjou {ujvi:1<i<m,1<j<n}be
the vertices and {ej;, gjj: 1 <i<m, 1<j<n}u {ay,
ap 1 <i < m} be the edges of mG, which are
denoted as in Fig. 2.15.

Fig. 15: mG, with ordinary labeling

Consider the Diophantine equation x; + X, = p.
The solutions are of the form (t, p — t), where

1<t< 9. Thereare 9 pair of solutions. With
2 2

these pairs, we label the edges by the coordinates of

the pair in any order so that the adjacent edges

receive the coordinates of the pairs.

Then the induced vertex labels are:

f(u)= f(a,); 1<i<m
f7(v,)= f(a,)it<ism
f*(w)=0

f+<wi): f(g(i_l)n); 2<i<m

And all the pendant vertices will have the labels
of the edges with which they are incident and are
distinct.

Hence, the graph mG,, is edge — graceful for n is
even and for all m.
The EGL of 3G, and 2G, are illustrated in Fig. 2.16
and Fig. 2.17 respectively.

2 0 17
2 17
1 18 3 6
3
1 18 5 16 14
5 4
4 5 6/ \13
6
4 15 8 13 11
8 11
7/ \12 9 0
7 12 9 10

Fig. 2.16: 3G, with EGL
0

18

)
20 3\ 19

20 2 ®

Fig. 2.17: 2G4 with EGL
3. CONCLUSION

In this paper, we investigated, edge-graceful
labeling of some special trees, which lead to the
Lo’s conjecture in affirmative. Similar such trees
can be examined for edge-gracefulness towards
attempting to the conjecture.
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