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ON SCHUR M - POWER CONVEXITY OF THE GENERALIZED
GEOMETRIC BONFERRONI MEAN

SREENIVASA REDDY PERLA AND S PADMANABHAN

ABSTRACT. : In this paper, we discuss the Schur m -power convexity of the generalized
geometric Bonferroni mean by introducing three non-negative parameters p, ¢, under the
condition of p + g + r # 0, is discussed.

1. Introduction

The Schur convexity of functions relating to special means is a very significant research
subject and has attracted the interest of many mathematicians. There are numerous articles
written on this topic in recent years; see [1],[2] and the references therein. As supplements
to the Schur convexity of functions, the Schur geometrically convex functions and Schur
harmonically convex functions were investigated by Zhang and Yang [3], Chu, Zhang and
Wang [4], Chu and Xia [5], Chu, Wang and Zhang [6], Shi and Zhang [7, 8], Meng, Chu and
Tang [9], Zheng, Zhang and Zhang [10]. These properties of functions have been found to
be useful in discovering and proving the inequalities for special means (see [11-14]).

Recently, it has come to our attention that a type of means which is symmetrical on n
variables x1, o, ..., x,, and involves two parameters, it was initially proposed by Bonferroni
[15], as follows:

1

(1.1) B””(X):(ﬁ z”: x?x?)m

ij=1,i#j
where X = (z1,29,...,2,), 2; > 0,i=1,2,. . . ;n,p,g>0and p+q#0.BPx)is
called the Bonferroni mean. It has important application in multi criteria decision-making
(see [16-21]).

Beliakov, James and Mordelov et al. [22] generalized the Bonferroni mean by introducing
three parameters p, ¢, r,i.e.,

Sle

2 B (X) = (n(n— ll)(n— 3 i xpmk>++

i.j k=1 i j#k

where X = (21,29, ...,2,), ;> 0,1 =1,2,. . . ,n,p,q,r >0and p+qg+7r#0.
Motivated by the Bonferroni mean BP4(X) and the geometric mean , Xia, Xu and Zhu
[23] introduced a new mean which is called the geometric Bonferroni mean, as follows:
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Motivated by the Bonferroni mean BP9(X) and the geometric mean G(z) = II"_, (2;)x,
Xia, Xu and Zhu [23] introduced a new mean which is called the geometric Bonferroni mean,
as follows:

n

1 1
13 GBP,Q X = —_— X, + €T ) nn—1)
(1.3) (X) p +qi7j:|1’|i#(p q;)

where X = (21,29, ..., xp), z; > 0,i=1,2,. .. ,n,p,g>0and p+qg# 0. An extension
of the geometric Bonferroni mean was given by Park and Kim in [19], which is called the
generalized geometric Bonferroni mean, i.e.,

n

1 1
1.4 GBP"(X) = ——— T + qrj + rog) e He=2)
(1.4) (X) p+q+T“H'(p qu; + ray)
1,J,k=1,i#£j#k
where X = (21,29, ...,2,), ;> 0,1 =1,2,. . . ,n,p,q,r>0and p+qg+r#0.

Remark 1.1. For r = 0, it is easy to observe that

n n

1 n(n—1)(n-2)
(15) GBp’q’()(X) = ﬁ H |: H pPI; + qzx; + 0 x Ik:| P
prq ij=1it - k=1itjtk

n n(n—ll)(n—Q)
1 —2
= m[ [T i+ qz)™ )} ,
—

n 1
n(n—1)
#q{ 11 (pxi—i-qxj)} , =GBP(X)

ij=Lii#

Remark 1.2. If ¢ = 0, r = 0, then the generalized geometric Bonferroni mean reduces to the

geometric mean, i.c., GBP(X) = GBP(X)=1 T[] (pe)™ 0 =[]z = G(X)

ij=1,i#] i=1
Remark 1.3. If x = (x,x, ..., x), then GBP?"(X) = GBPY" (2,2, ....,x) = .

For convenience, throughout the paper R denotes the set of real numbers, x = (1, 2, ..., )
denotes n-tuple (n-dimensional real vectors), the set of vectors can be written as

R" = {X = (z1, 22, ..., 7,), x;€R, i= 1,2, ...n, },

R} ={X = (21,29, ...,20), ; > 0,i=1,2,...n, },

Ry ={X = (x1,29,...,2,), 2, > 0,i=1,2,...n, }

In a recent paper [24], Shi and Wu investigated the Schur m-power convexity of the

geometric Bonferroni mean GBP4(z). The definition of Schur m-power convex function is as
follows:
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Definition 1.1. Let f: Ry, — R be defined by

(1.6) J@) = { S m# 0

Inx, m=20

Then a function v : Q C R} | — R s said to be Schur m- power convexity on €.

I (f (1), (F (), o (f () < (F (1), (F(w2), - (F (yn))) Sor all (21, 22.....00) € €2 and
(Y1, Y2....Yn) € Q implies p(x) < o(y).
If -¢(x) is Schur m power convez, then we say that ¢(x) is Schur m power concave.

In recent years, the theory of majorization has been used as an important tool in studying
the properties of the mean. Yang [8],[9],[10] generalized the notion of Schur convexity to
Schur f-convexity and discussed the Schur m- power convexity of Stolarsky means [8], Gini
means [9] and Daroczy means [10]. Subsequently, the Schur m-power convexity has evoked
the interest of many researchers (see [11], [12], [13], [14]).

In this paper, we discuss the Schur m-power convexity of the generalized geometric Bon-
ferroni mean GBP%"(X), Our main results are stated in the following theorem.

Theorem I. Let v = (z1,s,...,x,) € R}, .For fired (p,q) € R%, andn > 3,
(i) if m < 0, then GBP?"(X) is Schur m-power convez;
(i) if m = 0, then GBP%" (X )is Schur m-power convex;
(111) if m =1, then GBP%"(X) is Schur m-power concave;

() if m > 2, then GBP?"(X) is Schur m-power concave.

2. Preliminaries

We begin with recalling some basic concepts and notations in the theory of majorization.
For more details, we refer the reader to [15, 16].

Definition 2.1. Let z = (x1, 22, ..., 2,) and y = (Y1, Y2, ..., Yn) € R”

(1) z is majorized by y, (in symbol x < y), if Zle rp) < Zle Y and Y1 Ty
Yoy Y, where xpy >, ..., > Ty and yp) >, ..., > Y are rearrangements of x and y
in descending order.

(2) © > y means x; > y; for alli = 1,2,....n. Let Q € R*(n > 2). The function
v : Q) — R s said to be decreasing if and only if —p is increasing.

(8)  C R"™ is called a convez set if (axy + Byi, ..., ax, + Byy,) for every x and y € 2
where a, f € [0, 1] with o+ = 1.

(4) Let Q C R"™ the function ¢ : Q — R be said to be a Schur convez function on Q if
x <y on Q implies p(x) < p(y). ¢ is said to be a Schur concave function on € if
and only if —p is Schur conver.
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Definition 2.2. (i) The set Q C R™ is called symmetric set, if x € ) implies Px € Q)
for every n x n permutation matriz P.

(ii) The function ¢ : Q — R is called symmetric if for every permutation matriz P,
o(Px) = p(x) for all x € Q.

Lemma 2.1. Let Q C R be a symmetric set with nonempty interior Q° and ¢ : Q — R
be continuous on Q and differentiable in Q°. Then ¢ is Schur m power convex on Q if and
only if p is symmetric on €2 and

ot —ag o, 0p(@) 4, 0p(x) :
, ot M — Sl B
(2.1) [z o Ty . ]>0,if m#0
and
0 0 :
(2.2) (Inxy — Inxe)[z4 gff) — I gzz(cj)] >0,if m=0

3. Proof of Main Results

Proof. The generalized geometric Bonferroni mean is defined by

n 1
GBp:qﬂ"(X) — p-‘,—}]-}—r H (pxl + qx] + /]ﬂxk) n(n—1)(n—2) ,
i k=1i#j#k
taking the natural logarithm gives

1 1
3.1 log GBP?"(X) = lo + ,
(3.1) & & gp+q+r n(n—l)(n—Z)Q
where
Q= Z log(pxy + qxj + ray) + log(pxs + qx; + ray)]

Jk=3,37#k

- Z log(px; + qx1 + rx1) + log(px; + qug + rag)]
i,k=3,i%k

+ Z log(px; + qx; + rxq) + log(px; + qz; + r22)]
i.j=3,i%j

+ Z[log(p:cl + qxg + rxy) + log(prs + qry + 1))
k=3

+ Z[log(p:vl + qxj + rag) + log(pra + qr; + r171)]
j=3
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[log(px; + qr1 + ras) + log(px; + qre + ray)]
=3
+ Z log(px; + qxj + ray)
i,5,k=3,j%k

Partial Differentiating the equation (3.1) with respect to z; and xs, respectively, we have
0GBV (1)

GBre"(z)  0Q
0z n(n—1)(n —2) 0r

LU P s g
n(n—1)(n —2) kg PTL QT T S DT QT T T

n r n
* Y I e el
] ry prit+qrj+rer i \ PT1+ @+ Ty pre+ g+ TT

r
+ E ( + )
pry + qx] —+ rxy pTo + qr; +rx;

”
+z( + )]
pT; +qr1 + 120 PpT; + qTe + 12X
oGBP*(x)  GBPY(x) Q)

0y n(n—1)(n —2) Oxg

. 5 P,y g
(= D(n—2) | 2, praban; o2t prt qw T

n r n
> D e )
j el px; + qrj + 1T pt pxy +qra + 71T PTa + qry + TR

+ Z ( + b )
pPr1 + qr; + 120 Pxo + qr; + Iy

+z( )]
p$z+q931+m2 pTi + qre + 121

It is easy to see that GB»?"(x) is symmetric on R’}. Without loss of generality,
we may assume that x; > x,.

Direct computation gives

A = .ZUT B IJQTL 1-md GBP9T(x) 1-md GBPI"(x)
- L1 ox1 D) Oza
LGt [ §n (_dt
mn(n —1)(n — 2) in S, \PTUE Ty Py 4 g Ty
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i .%' -m .1'1 m
D s )
=k \ Pl +qry + TR PT; A+ T2 + T

- xim xl-m
Ly ( 1 4 )
‘ pxi+qx]+rx1 pxi+qx]+m:2
1,§=3,i#]
T — QX x; " Ty
+Z<p1 Q2 +Q1 p2 )
pPr1 + qre + 1Ty PT2 + qr1 + rT)
pimm — pplem reiT™ — pypl-m
+Z<p 1 2 + 1 p2 )
pry +qr; + 1T PTy + qr; + 177

T —ral roiT™ — gxlm
+Z<Q1 9 + 1 QQ )]
PT; + qry + 1o PT; + QT + T

A (@ — )G B (z) {p Xn: ((xfm — 23y ™)pr1ze + (quj + o) (a1 — 2y m))
mn(n —1)(n — 2) ey (pr1 + quj + rag) (pr2 + qr; + rag)
— 3" )qizs + (pri + rag) (v 7" —ay™)
be )
(pz; + qu1 + ray)(pri + qoe + ray)

r.k=3,r#k

)
+r Xn: ((iﬁl_m_% Jraves + (pri 4 quy) (w7 — 2y m)>

r.k=3,r#k (pxi + quj + roy)(prs + qrj + 1772)

T 3 (21?61(9:?‘ — 25 ™) + (ran)(p+ @) (a1 ™ — 2" 4+ (0P + Dawa(xy™ — 2;™")

(pr1 + qro + 121) (PT2 + qT1 + TTR)

Eo
w

)
- <2p7“($?_m —ay ")+ (gag)(p + ) (@™ — 2y ™") 4 (0P A+ P (a " — %—m))
)

+
= (pr1 + qxj + rxs)(pry + gy + 1)

Py (Rl ) e e ) 0 et i)
P (pxi + qz1 + ra2) (pr; + qua + 121)

Ifm<0,then 27" — 2 <0, 2;™ -2, >0, 07 ™ —23 ™ >0and 27 ™ — 23 ™ > 0.
Thus A > 0. From Lemma 2.1, it follows that GB? q”"( ) is Schur m - power convex for
T € RY,.

Ifm>2,thena? — 2 >0, 27" —2;,™ <0, 27 ™ -2y ™ <0and 227™ — 23 ™ < 0.

Thus A < 0 From Lemma 2.1, it follows that GBP%"(x) is Schur m - power concave for
r€RY,.
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If m =1, Then
nn=1n=2) j.k=3,j#k (pr1 + qxj + rxy) (pre + qrj + X))
_l’_
Tk;#k ((pxz + qrq + Tl’k)(]?.fz —+ qxo + rxk>>

S ;
= (px; + qxj + rxq)(px; + qrj + 1))

- (»—q)
+ Z ((pa:l + qro + ry) (pro + g1 + mk)>

N z”: ( (p—r) )
= \(px1 +quj +12)(pr2 + qj + 721)

(q—r)? )]
N <0
Z < (px; + qry + r22) (p2; + qTo + 111) o

. By using Lemma 2.1 GBp’q”’(x) is Schur m - power concave for x € R} |

If m = 0, then

A (21 — 29)(log 7, — log 22)GBPY" () [p i (( qxj + ray, )

n(n—1)(n —2) i\ + gz + rag)(pra + qrj + roy)

- px; + T
+
! Z ((p% + qx1 + ray) (pr; + qra + mk)>

rk=3,r#£k
3 e i

N Z ( 2(w1 + 22)pq + (P + q) )

(px1 + qro + rag)(pra + qry + 1I})

. = ( 2(z1 + 2)pr + qz,(p+ 1) )
= (px1 + qxj + r22) (Lo + ) + 121)

+Z ( (a1 + w2)qr + priq + 1) ))] .

(i + qo1 + 122) (PT3 + g2 + T2

. By using Lemma 2.1 we conclude that GBP9"(x) is Schur m - power convex for x € R} |

The proof of Theorem I is completed.
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