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ABSTRACT. This paper deals with compactness and convergence of
Hausdorff spaces and its subspaces in the real valued domain especially
the functions are in the half range series. Uniqueness of one-point
compactification function and its quadratic nature is also discussed in this
paper. The same is extended into the real uniformed spaces. Convergence

analysis of quadratic function is also arrived in a new manner.
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1. INTRODUCTION

Uniformed spaces in topology was gradually revealed its applications in
various fields especially convergence Analysis[3,6]. Despite of independent
character of uniform space it is closely connected with the theory of
topological spaces[2,7]. So the problem of defining and doing research in
uniform spaces are of most important classes of topological spaces [1,5]. In a
Hausdorff space, disjoint compact subspace can be separated by open sets. A
best one point compactification problem is a problem of achieving the
minimum distance between two sets through a function defined on one of the
sets to the other[4,8]. With this logic, we separated the odd and even
function and considered an even function in an uniformed spaces [9].
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2. PRELIMINARIES

Some basic concepts related to even functions are discussed in the following

theorem.

Theorem 2.1. Let § > 0,0 < p,q < 2. If g : (X,|.,.]) = (X, |I.,.]]) is an

even function such that
1T (, y), 2ll < O([[z, 21" + [ly, 2] (1)

for each x,y,z € X. Then there exists a unique compact subspaces in the real
line Q : X — X satisfying and

0|z, ="
1Q(z) — g(z), 2[| < T (2)
for each z,z € X.
Proof: Put z =0 in ({1), we have
l9(2y) — 4g(y), 2l < 0y, =" (3)

for each y, z € X. Replacing y by x and dividing by 4 in , we get

95— g10),¢| < § el (@)

for each x, z € X. By using induction on n, we get

Hg@"l‘) _ g(a). 2

4n

9 n—1 '
<7 |z, z||* Z 2(4=2)i
=0
0 g (1 —22m
Ssz,ZH (W (5)

for each z € X. Therefore {M} is a Cauchy sequence in local compactness,

471
g(2" )
4n

for each x € X. Since X is a Hausdorff space, the sequence { } converges

in X, for each x € X. Define @ : X — X as

Q(z) = lim 9(2"2)

n—o00 4n
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for each x € X. By , we have

g(2")
471

- g(:l:),z

lim
n—0o0

0. L 1
Sz_l |z, 2] <m)

0l 4
Q) - g(a). 21 <5 o2l (15 )

0|z, 2|
< i
- 4 -—24

for each x,z € X. Now we show that ) satisfies (77).

) 1
ITo(w,y), 2l = lim - 1Ty (2", 2"y), 2|
< lim 0 20727 ||z, 2||P + 209727 ||y, 2||]
n—oo

=0

for each x,y,z € X. Therefore, |To(z,y),2|| = 0 for each z € X. So
To(z,y) = 0. Since f is an even function we have @ is an even function and
(@ is a one-point compactification function.

Next we show that ) is unique. Let @ : X — X be another one-point
compactification function which satisfies and . Since ) and @)’ are
quadratic.

Q2"z) = 4"Q(x), Q' (2"x) = 4"Q)'(z) for each z € X. It follows that

1
1Q(2) = Q(2), 2| = 7 Q' (2"2) — Q(2"). |

1

<o llQT2") = f(2"), 2l + |1/ (2"2) — Q(2"x), 2]l]
1260 |2"x, z||?

< 7= i

—4n 2 —24

20 ||z, 2|7 202"

B 2 — 21

— 0asn— oo

for each z € X.
Hence Q'(z) = Q(x) for each z € X.
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Corollary 2.2. Let § > 0,7 > 0,0 < p,q < 2, (X, ||.]]) be a real uniformed
space. If g : (X, ||.]]) = (X, |-, .]]) is an even function satisfying the inequality

1Ty (2, ), =2l < Ol + llyll*) =1 (6)

for each x,y,z € X. Then there exists a unique one-point compactification
function Q : X — X satisfying (@ and

ke

1— 9% (7)

1Q(z) — g(x), 2] <
for each x,z € X.
Proof: The proof follows from Theorem by taking
0 (Il zl1” + lly, 211) = 0 (l=1” + [1ylI*) 21" (8)

for all z,y, z € X which is the desired result.

3. CONVERGENCE IN UNIFORM CONTINUITY

Theorem 3.1. Let § > 0 with p,q > 2. If g : X — X is an even function
such that

T (2, ), 2l < O, 211" + lly, 2[I) (9)

for each x,y,z € X. Then there exists a unique quadratic function @ : X — X
satisfying (@ and

0|z, 2|
_ < 1
lo(x) — Q(a), =] < S (10)
for each x,z € X.
Proof: Put x =0 in @, we get
19(2y) —4g(y), 2l < 0y, =" (11)

for each y, 2 € X. Replacing y by x in , we get
l9(2x) — 4g(x), 2|| < 0|z, 2" (12)
for each z,z € X. Replacing = by § in (12]), we get

=47 (3) =] =e32

q

(13)
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for each x, z € X. By using induction on n, we get

Hg(ﬂi’)—él’"”g (%)z“ < %Hx,znqnzig(%q)j
=0

B 1 — 2@=gn
< 0277z, 2| (m) (14)

for each x,z € X.
Therefore {4”g (2%)} is a Cauchy sequence in X, for each x € X. Since X

is a Hausdorff space, the sequence {4”9 (2%)} converges in X, for each = € X.
Define @ : X — X as

m 4g (&
Q) = Jim ' (57)
for each z € X. By ([14]), we have

i [0 427 () ] <020 e o1 ()

n—o0

24
lo(e) - Q) <1 <62 o7 (57 )

01|z, z|*
<2
T 204
for each x, z € X.
The rest of the proof is similar to the proof of Theorem [2.1]

Corollary 3.2. Let 0 > 0, r > 0 with p,q > 2, (X,||.]|) be a real uniformed
space. If f (X, ||.])) = (X, |.,-|]) is an even function such that

1T (), 2l < Ol + llyll*) =1 (15)

for each x,y,z € X. Then there exists a unique quadratic function @ : X — X
and satisfying and

0 || ||=["
_ < 1
lota) - Qo). 2] < 2111 (16
for each x,z € X.
Proof: The proof follows from Theorem [3.1] by taking
0 (=, 2[I” + Ny, 2[1*) = 0 (=" + lylI) 121" (17)

for all z,y, z € X which leads to the expected result.
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Theorem 3.3. Let 0 > 0,0 <p,q <3. If f: (X, ].,.]]) = (X,].,-|l) is an odd

function such that
1Ty (, y), 2Il < O([l, 21" + [ly, 2[1) (18)

for each x,y,z € X. Then there exists a mertic function C' : X — X satisfying

(@ and

0|z, z||"
C(x) — < -1 19
IC(2) = g(a), 2ll < ===, (19)
for each z,z € X.
Proof: Put z =0 in (18)), we get
l9(2y) = 8g(y), 2l < 0y, =" (20)
for each y, 2z € X. Replacing y by x in , we get
l9(2z) — 8g(x), z|| < 0z, 2|* (21)
for each z, z € X. Dividing by 8 in (21)), we get
2 0 1
HQ(SCL') _g(x)’ZH < M (22)
for each x, z € X. Therefore by using induction on n, we get
on 9 n—1 ‘
Hg<8f) —g@).z|| < gl Y2
7=0
0 g [ 1—23n
< 3 |z, 2| (W (23)

for each x,2z € X. Therefore {9(2%)} is a Cauchy sequence in X, for each

STL
2" )

xr € X. Since X is a Hausdorff space, the sequence {g(sn
for each x € X. Define A: X — X as

} converges in X,
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for each x € X. By , we have

- g2m) 0 1
tim 259 o)z < Gl (=
0
Ic@) sl < gllol (52)
0. 2"
- 8 =24

for each x,z € X.
The rest of the proof is similar to the proof of Theorem [2.1]

Corollary 3.4. Let 6 > 0,7 > 0,0 < p,q < 3, (X, |.|]) be a real uniformed
space. If f: (X, ||.|) = (X, ]|.,.]|) is an odd function satisfying the inequality

1T (2, ), 2l < Ol l” + Nlyll*) =1 (24)

for each x,y,z € X. Then there exists a unique inclusion function in topology

C: X — X satisfying and

0 [|)” [1=["
[C(z) — g(z), 2[| < TS (25)
for each z,z € X.
Proof: The proof follows from Theorem [3.3] by taking
0 (llz, 21"+ lly, 1) = 0 (=" + [[yl) [[=0" (26)

for all z,y, z € X. Then we get the desired result.
Theorem 3.5. Let 0 >0, p,q > 3. If g: X — X be an odd function such that
1Ty (@, ), 2l < 6(l, 2" + lly, 2[|) (27)

for each z,y,z € X. Then there exists a unique cubic function C' : X — X
satisfying and
0z, 2|

9 _8 (28)

lg(x) = C(x), 2]| <

for each x,z € X.
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Proof: Put x =0 in , we get

l9(2y) —8g(y), =l < Olly, =" (29)

for each y, 2z € X. Replacing y by x in , we get
l9(22) — 8g(x), 2| < 0|z, 2| (30)

for each z,z € X. Replacing = by § in (30]), we get
lote) =89 (5) 2| < o271, 201 (31)

for each z, z € X. By using induction on n, we get

n—1

T .

— 8" <_>7 H < 027z, 2||? 9(3-4)j
lo@ 87 (5) 2| = LS

3—q)n
6279 || [ ﬂ (32)
T,z [ — 954

IN

for each =,z € X.

Therefore {8” f (2%)} is a Cauchy sequence in X, for each x € X. Since X
is a Hausdorff space, the sequence {8” f (2%)} converges in X, for each x € X.
Define C': X — X as

C(z) = lim 8"¢g(2 "z)

n—oo
1
—-q q
ezrm¢n<T;§;)

o
loto) ~ Cla sl < g lonsl (57 )

for each z € X. By [32 we have

i -5 (2)

n—oo

IN

0|z, 2]
< el
- 29-8
for each x,z € X.
The rest of the proof is similar to the proof of Theorem [2.1]

Corollary 3.6. Let 6 > 0,7 > 0 with p,q > 3, (X, ||.||) be a real uniformed
space. If f: (X, ||.|]) = (X, ]|.,.]]) is an odd function such that

T (), 2l < Ol + llyll*) =1 (33)
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for each x,y,z € X. Then there exists a unique cubic function C' : X — X

satisfying and

lofa@) - C@). 2] < LD (31)
for each x,z € X.
Proof: The proof follows from Theorem by taking
0 (lz, 211" + lly, 2l1) = 0 (llz]l” + lyllI) I=1" (35)

for all z,y, z € X. Then we get the desired result.

Theorem 3.7. Let 0 > 0,0 < p <3, f: X — X be a function satisfying the
inequality

1Ty (. ), 2l < 6|, 21" + 1y, z[I") (36)
for each x,y,z € X. Then there exists a unique quadratic function @ : X — X
and a unique cubic function C': X — X satisfying @ and

1) - Q) - O A < 0lleall | 24 52 60

for each x,z € X.

Proof: Let x = y = 0 in (36), we have || f(0), z|| = 0 for each z € X, so we
have f(0) = 0. Define f,: X — X, fo: X — X as

folz) = 3 [f(z) — f(~2)]
fe(@) = 3 [f(z) + f(~2)].
Then g, is an odd function and g, is an even function. Since f(0) = 0. We
have ¢,(0) = ¢.(0) = 0. Also
1Dg, (z,), 2l < 6 (|, 2[I” + [ly, 2[|")
1Dy, (2,y), 2l < 0 ([|z, 2" + [ly, 2[|")
for each x,y,z € X.
Therefore by Theorem [2.1] there exists a unique quadratic function
Q@ : X — X satisfying and the inequality.

0|z, z||"

lge(e) = Q). 2l < =2
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for each x, z € X.
Also by Theorem there exists a unique cubic function C' : X — X
satisfying and the inequality.

01z, z||”

lo(2) — Cla), 2] < S22 (39

for each x, z € X.

Now by and , we have

lg(x) = Q(z) = C(x), 2l < lge(w) — Q). 2]l + [|go() — C(x), 2]
< {QIII,ZII” 9||x,z|\p1
- l4-22 " 8-
1
<

1
9 p

for each x, z € X.

Corollary 3.8. Let ¢ > 0, r > 0,0 < p < 3, (X, |.|l) be a real uniformed
space. Suppose f: (X, |.||) = (X, |I.,.]]) be a function satisfying the inequality

1T (2, ), 2l < Ol l” + [lyl”) =1 (40)

foreach x,y,z € X. Then there exists a unique quadratic function @ : X — X
and a unique cubic function C : X — X satisfying (@) and

1 1
_ — < p " 41
1) = Qo) = C) ol <Ol I |25 + 5= (a0
for each z,z € X.
Proof: The proof follows from Theorem by taking
0 (llz, 21" + lly, 2II”) = 0 (=" + llyl”) N=1" (42)

for all z,y, z € X. Then we get the desired result.

Theorem 3.9. Let 0§ > 0,p > 2, f : X — X be a function satisfying the

inequality

T (,y), 2l < 6(1l, 2" + lly, 2" (43)
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for each x,y,z € X. Then there exists a unique quadratic function @ : X — X
and a unique cubic function C': X — X satisfying and

1 1
44
—4+2P—8} (44)

1) - Qo) = Clo). 2l < el |5
for each z,z € X.

Proof: Let x =y = 0 in (43), we have ||g(0), z|| = 0 for each z € X, so we
have f(0) = 0. Define f,: X - X, fe: X — X as

folz) = 3 [f(z) = f(~2)]
fe(x) = 5 [f (=) + f(~2)].
Then f, is an odd function and f,. is an even function. Since g(0) = 0. We
have ¢,(0) = ¢.(0) = 0. Also
1Ty, (z, ), 2l < 0 (|, 21" + [ly, ")
Ty (=), 2l < 0 (=, 21" + lly, =7)
for each z,y, z € X.
Therefore by Theorem [3.1] there exists a unique quadratic function @ : X —
X satisfying and the inequality.
0|z, 2"
e(T) — 2| S 45
o) ~ Qo). =) < 22 (15)
for each z,z € X.
Also by Theorem there exists a unique cubic function C' : X — X
satisfying and the inequality.
0|z, 2"
olz) = C(2), 2| £ ——
o) = €@, 2l < g
for each x, z € X. Now by and , we have
lg(z) = Q) = C(z), 2| < |felx) = Q), 2] + [ folz) — C(2), 2|

1 1
p

(46)

for each x, z € X.

Corollary 3.10. Let 6 > 0,7 > 0, p > 2, (X, ||.|]) be a real uniformed space.
Suppose f: (X, ||.II) = (X, ||.,.]|) be a function satisfying the inequality

1T (2, ), 2l < Ol ]” + [lyl™) =1 (47)
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for each x,y,z € X. Then there exists a unique quadratic function @ : X — X
and a unique cubic function C': X — X satisfying and

1 1
lo(e) - Q) = Cla) ol Ol el |5y + g | (49)
for each z,z € X.

Proof: The proof follows from Theorem [3.9) by taking
0 (llz, 21" + lly, 21") = 0 (=" + Iy [I”) [[=[]" (49)

for all z,y € X which leads to an expected result.

4. CONCLUSION

The compactness and convergence of Hausdorff spaces and its subspaces
in the real valued domain are identified in the half range domain. Uniqueness
of one-point compactification function and its quadratic nature is arrived in
this paper and the same is verified in 2°. Convergence analysis of quadratic

function along with the cubic nature is optimized.
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