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Abstract: The sequences of integral solutions to the cubic equation with four variables are obtained. A few

properties among the solutions are also presented.
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1. INTRODUCTION

The Diophantine equation offer an unlimited
field for research due to their variety [1,2]. In
particular, one may refer [3-13] for cubic equation
with three unknowns. In [14-18] cubic equation
with four unknowns are studied for its non-trivial
integral solutions. This communication concerns
with the problem of obtaining non-zero integral
solution of cubic with four variables is given by
x3 +2523 = y3 +25w3 + 21(x—y)3. A few
properties among the solutions and special
numbers are presented.

Notations
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e Tha,=3(@2)" -1
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o Ja=32"+ (DY
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2. METHOD OF ANALYSIS

The cubic Diophantine equation with four
unknowns to be solved for getting non-zero integral
solution is

x3+ 2523 =y3 + 25wi + 21(x—y)® (1)
On substituting the linear transformation

xX=u+v,y=u—-v,w=s+v,z=s5—v (2)
in (1) leads to

u? = 36v% + 2552 (3)

We solve (3) in different ways and we get
different pattern of integral solutions to (1).

2.1. Pattern |

In equation (3), which is satisfied by,

_1
v—3pq
S=p2_q2

5
u=p?+q?

Put p=15p, g=15qin v, s, u we get,
v =75¢q
s =45(p* — q?)

u=225(p% + q?)
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In view of (2) the non-zero integer solutions to (1) are
given by

x(p,q) = 225(p* + q*) + 75pq
y(p,q) = 225(p* + q*) — 75pq
w(p,q) = 45(p* — q*) + 75pq

z(p,q) = 45(p* — q*) — 75pq

2.1.1. Properties

1. 6("(’””“)”’ (p’p+1)_45°) is a Nasty
Prp

Number.
o wp+l)-z(pp+1)
' Prp

3. w(p tap) — 2(p, tsp) + 3350, +
33t,,, is a cubical integer.

4. w(p,p+1)+z(pp+1) —906no, =
0

5. x(p +1, t4,p) - Y(P +1, t4,p) =
300P7

6. W(p,p+1)9J(r)Z(p.p+1) = 1(mod 2)

7. x(pp+1D)+z(pp+1)—
yp,p+1) - wpp+1)=0

is a Nasty Number.

2.2. Pattern 1l
Equation (3) can be re-written as
u? — (6v)? = (55)2

Which is written in the form of ratio as,

S = 2 — 2 where B # 0 (4)

Which is equivalent to the system of equations,
Bu+ 6Bv —54s =0
—Au+6Av+5Bs =0

Applying the method of cross multiplication, we
have

u = 304% + 30B?
v = 542 — 5B2

s =12AB

In view of (2) the non-zero integer solutions to (1)
are given by

x(A,B) = 35A% + 25B?
y(A4,B) = 25A% + 35B2
w(A,B) = 542 — 5B? + 12AB
z(A,B) = 5B% — 542 + 124B
2.2.1. Properties

L w(A+1t,,)+2z(A+1,t,,) = 48P}

w(4,A—1)+2z(4,A—1) + 4 =4S,

3. x(4A-1)—-yAA-1D)+w4A-1)—
z(A,A—1) = 20Gno,

4, yAA-1)+w@l,A-1)+12Pr, =
30CS, + 24t,,

5 x((4,4) +y(4,4)+w(4,A) +z(A4,A4) is a

perfect square.

6. w(A tsq)+2(Ats,) =24P;

7. x(4LA-1D+yAA-1D)+w4A-1) -
132t,4 = 55(mod 122)

n

2.3. Pattern 111

Equation (4) can also be written as

u+6v s
255 u-6v

=§ where B # 0

Which is equivalent to the system of equations,
Bu+ 6Bv —254s =0
—Au+6Av+ Bs =0
Applying the method of cross multiplication, we have
u = 1504% + 6B2
v = 254% — B?
s =12AB

In view of (2) the non-zero integer solutions to (1) are
given by

x(4,B) = 17542 + 5B2
y(A, B) = 125A4% + 7B2
w(A, B) = 2542 — B? + 124B
z(A,B) = B> — 25A% + 124B
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2.3.1. Properties

1. x(2M1) 4+ y(2™,1) — 312 = 300j,,
x(2"+1,1) —y(2" 4+ 1,1) = 50Ky, + 98
3. x(1L,D) -y, D+w(,1)—-2z(1,1) is a
Nasty Number.
4. x(A,1) —y(A,1) —w(4, 1)+ 6Gno, + js
is a perfect square.
5 yA,A+1)—4w(4,A+1)+
z(A,A+ 1)+ 4S,+18Gno, +2=0
6. x(1,B) +y(1,B) — 4w(1,B) + 24Gnog —
176 is a perfect square.
7. x(Ltay) +y(Ltsy) +w(l, typ) +
z(1,t,,) — 144FN;} —36t,, = 300

N

2.4, Pattern 1V

Equation (4) can also be written as

u+6v _ 255

. —u_év=§ where B # 0
Which is equivalent to the system of equations,

Bu+6Bv—As =0

—Au+ 6Av + 25Bs =0

Applying the method of cross multiplication, we have

u = 642 + 150B?

v = A% — 25B?
s =12AB

In view of (2) the non-zero integer solutions to (1) are
given by

x(A,B) = 7A% + 125B%?
y(A,B) = 54% + 175B2
w(4,B) = A> — 25B% + 12AB
z(A,B) = 25B% — A% + 12AB
2.4.1 Properties
1 w(A tsn)+2(Ats,) = 24PF
x(2", 1) + y(2™,1) — 288 = 12j,,
3. x(4,A+1)—y(A4,A+1)+48Pr, +

26Gnoy is a Nasty Number.
4. wA,A+1)+z(A4,A+1)=24Pr,

N

5. x(B+1,B)—y(B+1,B) +48Pry =
—2(mod 52)
6. w(d4,A4)+z(4,A4) +Pry—t,, is a perfect
square.

2.5. Pattern V
Equation (3) can be re-written as
u? — (55)% = (6v)?
Which is written in the form of ratio as,

urss - & % where B # 0 5)

6v u->5s

Which is equivalent to the system of equations,
Bu—6Av+5Bs =0
—Au+6Bv+54s =0
Applying the method of cross multiplication, we have
u = 3042 + 30B?

v =10AB
s = 64% — 6B?

In view of (2) the non-zero integer solutions to (1) are
given by
x(A,B) = 304 + 30B% + 104B
y(4,B) = 304 + 30B? — 104B
w(A,B) = 64?2 — 6B? + 104B
z(A,B) = 6A%? — 6B? — 10AB

2.5.1 Properties

1. x(2247° 1, 1) + y(22471,1) = 60j44_,
2. x2" 1) +y"1D) —-w(2" 1)+
z(2",1) — 120 = 180J,,, — 30/, — 10/,
3. x(4,4)+y(4 A4) + t,, is aperfect square.
4. y(A4,1) +w(4,1) — 24 is a perfect square.
5. x(1,tsx) —y(Ltsa) +w(l,ts4) —
z(1,t3,) + 4Pr, is a Nasty Number.
6. x(A,A+1)—y(4,A+1)=20Pr,
7. y(A,1) +w(4,1) —36Pr, +36t,, is a
Nasty Number.

2.6. Pattern VI

Equation (5) can also be written as
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u+5s 36v A
= = where B + 0

v u->5s

Which is equivalent to the system of equations,
Bu—Av+5Bs =0
—Au + 36Bv+54s =0

Applying the method of cross multiplication, we
have

u = 5A% + 18082
v = 104B
s = A? — 36B?

In view of (2) the non-zero integer solutions to
(1) are given by

x(A,B) = 54% + 180B%? + 10AB
y(A4,B) = 5A% + 180B? — 104B
w(4, B) = A%> — 36B% + 104B
z(A,B) = A — 36B% — 104B
2.6.1 Properties

1. x(4,A+1)—y(A,A+1)=20Pr,
2. 30P5[w(A,t;34) —2(A t54)] is a Nasty
Number.
3. w(2h1)+z(2"1)+ 72 = 3], + jon
4. x(A,A) —w(4,A) +36Pr, —
18Gno, — 18 is a perfect square.
5 y(A,A+1)+z(A,A+1)—130Pr, —
69Gno, —213 =0
6. x(B+1,B)+y(B+1,B)+
w(B+1,B)+z(B+1,B) —
12t4p541 = 288t,p
7. x(4,A) +w(4,A)—t,, is a perfect
square.

2.7. Pattern VII

Equation (5) can also be written as

u+5s v A
= == whereB #0
36v u->5s B

Which is equivalent to the system of equations,

Bu—36Av+5Bs =0
—Au+Bv+54s =0

Applying the method of cross multiplication, we
have

u = 1804% + 5B?
v =104B
s = 36A4% — B?

In view of (2) the non-zero integer solutions to
(1) are given by

x(A,B) = 1804% + 5B% + 10AB
y(4,B) = 18042 + 5B2 — 10AB
w(A,B) = 36A% — B + 10AB
z(4,B) = 3642 — B2 — 104B
2.7.1 Properties

1. x2% 1) +y2" 1) +w(2™1) +
z(2",1) = 440 = 1296/,,

2. x(2" 1) +y"1) —-w(2h1) -
z(2",1) = 108 = 96Thay,

3. y(A4,1)—w(4,1)+10Gno, +4 is a

perfect square.

4. y(A,1) —w(4,1) + 6Pry + 7Gno, +
Jj1 is a Nasty Number.

5. x(B+1,B)—z(B+1,B) — 170Prg —
69Gno, = 213

6. w(4,A4) —tyy4 = 0(mod 44)

7. x(A,A+1)—2z(A,A+1)—85CS, =
79(mod 202)

2.8. Pattern V111
Equation (3) can be re-written as
u? — (5s)? = 36v2
Which is equivalent to the system of equations,
u+ 55 =36v

u—>5s=v

(6)

Solving these two linear equations, we have

510



International Journal of Research in Advent Technology, Vol.7, No.5, May 2019
E-ISSN: 2321-9637
Available online at www.ijrat.org

_37v
Y=7
_7v
573

Put v = 2k then we get the integer solution of u
and s are as

u =37k
s=T7k
Substituting the values of u,v,s in (2), we get the
non-trivial integer solutions of equation (1) are
given by
x =39k

y = 35k

2.9. Pattern IX

The system of equation (6) can be written as
u+5s = v?
u—5s =36

Solving these two equations, we have

_v2+36
Y=

_v2—36
ST

Taking v = k? + k + 6 in the above equation, we
get
_ (k? + k)?
YET

(k2 +k)(k?> + k+6) + 6(k? + k)
$= 10

+6(k?+k) + 36

In view of (2) the non-zero integer solutions to (1)
are given by

6k* 4+ 12k3 + 78k? + 72k + 350
= 10

B 4k* + 8k3 + 52k? + 48k + 350

= 10
k* 4+ 2k3 4+ 23k? 4+ 22k + 60
W:
10
k* 4+ 2k3 + 3k% + 2k — 60
7 =

10

2.9.1 Properties
1. w—z=2Pr,+12
2. 4w —y+ 9 =2CS; + 4Gno,
3. 10(x + w) — 84FNy — 42Sqp; =

87Pr, + 410

4. x+y—12FN¢ — 4PPy = Ctyyy + 69
5. 10(x —y) — 24FN;¢ — 8PP, = 48t3,,
6. 4w —y=_Ctg, —12

2.10. Pattern X
Equation (3) can be re-written as
u? — (6v)? = 2552
Which is equivalent to the system of equations,
u+ 6v =s?
u—6v=25

Solving these two equations, we have

_52+25
Y=

_52—25
D)

Taking v = k2 + k + 5 in the above equation, we
get
_ (k? + k)?
=T

(k2 +k)(k*+ k+5)+5(k?*+k)
v =
12

+5(k?+k) + 25

In view of (2) the non-zero integer solutions to (1)
are given by

3 7k* + 14k + 77k* + 70k + 300

x 12
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5k* 4+ 10k3 + 55k? + 50k + 300
= 12

k* 4+ 2k3 4+ 23k? 4+ 22k + 60
W= 12

—k* —2k3 + k?+ 2k + 60
12

Z =

2.10.1. Properties

z+w=4t;;, +10
2z + 2w — 19 = Ctgy,
5w—y =60Pr,

7y —5x =50

¥+ 5z =10t3, + 50
5w —y =10tz
Tw—x =Ctyg +9

NooapwhE

3. CONCLUSION

One may search for other pattern of solutions and
their corresponding properties.
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