International Journal of Research in Advent Technology (IJRAT) Special Issue, January 2019
E-ISSN: 2321-9637
Available online at www.ijrat.org
International Conference on Applied Mathematics and Bio-Inspired Computations
10" & 11" January 2019

Numerical solution of Volterra integro-differential
equations of fractional order using Mahgoub Adomian

Decomposition Method

S. Katrin Lydia*
Research Scholar’, Department of Mathematics, Bishop Heber College®,
Tiruchirappalli, Tamil Nadu, India

katrinlydial987@gmail.com!

Abstract-In this article, MahgoubAdomian decomposition method has been developed to find the numerical
solution of nonlinear Volterraintegro differential equations of fractional order. The proposed method is the
combined form of Mahgoub transform and Adomian decomposition method. The nonlinear term has been
handled with the help of Adomian polynomials. Here, the fractional derivatives are described in Caputo sense.
The results of illustrative examples reveal that our proposed method is good, reliable and effective.
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1. INTRODUCTION

Fractional differential equations are generalized from
classical integer order which are obtained by replacing
the integer order derivatives by fractional. Fractional
integro differential equations have found extensive
application in various fields of science and
engineering such as image processing, viscoelastic,
thermal systems, fluid flow and mechanics [3][5][7].
Many researchers have shown their interest in finding
the numerical solution of linear and nonlinear
fractional integro differential equations. Most of the
nonlinear Fractional integro-differential equations do
not have exact solution, so some numerical and
approximation technique must be used.Variational
iteration method [6], Fractional Differential Transform
Method [1], Collocation Method [4][8] and wavelet
method [10][12] are the some of the methods to solve
fractional integro differential equations.

The Adomiandecompoisition method (ADM)
is one of the powerful methods to find the
approximate solution of linear and nonlinear
Fractional integro differential equations. Wang et. al
[9] applied the Adomian polynomial to solve the
nonlinear Volterraintegro differential equation of
fractional order. Yang and Hou [11] delivered the
numerical solution of Fractional integro differential
equations using Laplace decomposition method.

In this paper MahgoubAdomian
Decomposition method (MADM) have been proposed
to determine the numerical solution of nonlinear
Volterraintegro-differential equation of fractional
order.

This paper has been organized as follows.
Section 2 introduces some fundamental definitions and

properties of the fractional calculus and Mahgoub
transform. Section 3 constructs our method to
approximate the solution of the Volterraintegro-
differential equations of fractional order. Section 4
presents some numerical examples to illustrate the
accuracy of our method.

2. PRELIMINARIES AND NOTATIONS

In this section, fundamental definitions and properties
of fractional calculus and Mahgoub transform have
been introduced.
2.1. Definition

A real function f(t),t > 0 is said to be in the space
C,, u € R if there exists a real number p > p such that
f(t) = tPf(t) where f;(t) € C[0, ) and it is said to
be in the space C}} if and only if f™ e C,, neN.

2.2. Definition

The Riemann Liouville fractional integral I*f(t) of
order a € R, > 0 of functionf(t) € C,,u = -1 is
defined as

1f(8) = — [, ¢t =D f(Ddr, t>0 (1)
I°f(t) = f(©)

2.3. Definition

The Caputo fractional derivative of a function f(t)of
order @ € R,a > 0 is given by

D f(t) = "D (1)

Jy (t = D" (D)dr, t > 0 (2)

1
r'n—-a)
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wheren —1 < a <n,neN* and I(.) denotes the
Gamma function.

2.4. Definition

Mahgoub transform is defined on the set of continuous
functions and exponential order. We consider
functions in the set A defined by

I |
A= {f(t): PO < Peif t € (-1 x [0, oo).}
i=12; €>0

©)

where€;, €, may be finite or infinite and the constant
P must be finite.

Let f € A, then Mahgoub transform is defined as

MIf(©)] = Hw) = u f; f()e ™ dt(4)

fort > 0,€,< u <€,

2.5. Theorem

Let F(u) and G (u) denote the Mahgoub transform of
f(t) and g(t) respectively. If

(Fg)(®) = [, f() gt —)dr
where* denotes convolution of f and g, then the
Mahgoub transform of the convolution of f(t) and
g()is
MIf(£) * g(£);u] = 2 F(u)G () 5)

2.6. Theorem[2]

Let neN and « > 0 be suchthat n—1 < a <n and
H(u) be the Mahgoub transform of the function f(t),
then the Mahgoub transform of Caputo fractional
derivative of f(t) of order « is given by

MIEDEF(O] = u*HW) — ZRZ5u"*f9(0)(6)

3. ANALYSIS OF THE METHOD

Consider the Volterraintegro-differential equation of
fractional order

D% y(OpE)y(t) = g(t) + A [ k(t, X)F (y(x))dx
(7

fort € [0, 1], with the initial conditions y®(0) = &,
i=01..,n—1,n—-1<a<n neN.

whereg e L2([0,1]),p € L2([0,1]), ke L*([0,1]?) are
known functions, y(t) is the unknown function, F(y)
is the nonlinear function andD“ is the Caputo fractional
differential operator of order a.

Applying Mahgoub transform in Eqgn. (7)

M| D% y(®] = MIp(Oy©)] + MIg(®)]

+M [Af k(t, x)F(y(x))dx]
0

Using the property of Mahgoub transform of Caputo
fractional derivative we get

n-1

M1 = Y ubyk(0) + = MIp(Oy(©)] + - MIg (0]

k=0

+ = M [ f, k(t, 0)F (y(x))dx|(8)

The MADM represents the solution as an infinite
series

y(©) = Xnzo ¥n(t) 9)
The nonlinear operator is decomposed as
Ny = F(y(x) = Zazo An(y(x)) (10

For the nonlinear function Ny = F(y) the first Adomian
polynomials are given by

Ay = F(¥)
Al = ylF(l)(yO)'

1
AZ = yzF(l)(yO) +5y12F(2)(J’0)'

1
Az = y3FD () + 3172 FP(y,) + In’F ®(ye),

Substituting Eqgns. (9) and (10) into Eqn. (8) we get

n-1

< 1
M [ZO Vol = ;u—"ykm) +— Mlg(O)]
1 oo

+ 2 M[f k(e 0) 520 An () dx](12)
Comparing both sides of Egn. (11) gives the following
iterative algorithm:

Mlyo(0)] = ZRzbu~*y*(0) + < Mlg(D],(12)

My, ()] = == MIp(©)yo] + 2 M [f; k(t, ) Ao (v (x))dx | (13)
\
My, ()] = = MIp(©)y:] + 2 M [[; k(t,x)4; (y(x))dx|(14)

In general, the recursive relation is given by

MDer (O] = 2 MEp (O3] + M [ [ e x)An(y(x))dx]

(15)
Applying inverse Mahgoub transform to (12)-(15) we
get
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o) =M1

n-1
1
D ukyko) + u—aM[ga)]]

k=0

1
yit) =M1 [FM[P(QYO]]

+M1

A M tk A d
o | [ ke ma o]
: 1

Yner(8) = M71 [FM[p(t)yn]]

+M1

A M tk A d
2o | [ koo

4. NUMERICAL EXAMPLES

In order to demonstrate the efficiency of the
MahgoubAdomian decomposition method for solving
Nonlinear Volterraintegro-differential equations of
fractional order, we present some examples.

4.1.Example
Consider the nonlinear Fractional Volterraintegro-

differential equation

Dy(t) = —1 + [ [y ()% dx, (16)

subject to initial condition y(0) = 0 17)

Exact solution of Egn. (16) when a = 1 is
4 t7 t10

YO =-t+35-553 " 6048~ 157248

t13

Applying Mahgoub transform on both sides of
Eqn.(16), we have

t
M “Dey(O)] = M[~1] + M [ fo () dx],

Using Theorem 2.6 and the initial condition (17),we
get

_ t
M) = 7+ o | [ bGP ax

Assuming an infinite series solution of the form (9)
and (10) in the above equation, we have

M[Z0y, (O] = =+ = M [ [y T A, dx|(18)

Comparing both sides of Egn. (18), we have the
following relation

MIyo(0] = —

1 t
My, ()] = FMU 44 dx]
0

u

1 t
My, ()] = _“MU Ay dx]
0

1 t
Mlyn1(0)] = EM [f Ay dx]
0

where the Adomian polynomials for the nonlinearity
F(y) = y* are

Ay = ¥o?,
Ay =2y00,
Ay = 2y0y, + 1%,
Az = 2y0y3 + 212,

Ay = 2Y0Ys + 27,75 + 57 (19)

Using the above recursive relation, the first few terms
of the MahgoubAdomian decomposition series are
derived as follows:

Yo(t) = —m
[(2a+2) s
O = ATy et DI Gar2)"
y2(t)

2T (2a + 2)['(4a + 3)

The approximate solution is

y=Yotyityt--
_ @ F(2a+2)
r(1+a) (F2(1+cx)>(2a+1)r(3“+2)
2I2a + 2)I'(4a + 3)

t3a+1

e,y =

T T+ 0P+ 202 + 4T (B + )T (5a +3) -

1+ a)3(1+20)(2+40)T(Ba+ 2)I'(5a + 3)

The approximate solution obtained by our method for
different values of acorresponding to distinct values
of t are presented in Table 1(a). The approximate
solution for @ = 1 has been given in Table 1(b) which
shows that the numerical solution is very much close
to the exact solution. The obtained numerical results
fora = 0.5,0.75,0.95and a =1 are summarized in
Fig. 1.
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t a=0.5 a=0.75 a=0.95
0.1 -0.355616 -0.193382 -0.114492
0.2 -0.497843 -0.324393 -0.221008
0.3 -0.599583 -0.437284 -0.324196
0.4 -0.676424 -0.537711 -0.42445
0.5 -0.734276 -0.627400 -0.521437
0.6 -0.776295 -0.706785 -0.614466
0.7 -0.804576 -0.775782 -0.702614
0.8 -0.820682 -0.834122 -0.784816
0.9 -0.825784 -0.881517 -0.859922
10 -0.820613 -0.917743 -0.926766

Table 1 (a). Numerical Solution of Egn. (16) for

a=0.50.75and 0.95

a=1
‘ Exact MADM Error
0.1 -0.099992 -0.099992 | 7.580354e-18
0.2 -0.199867 -0.199867 | 5.218342e-15
0.3 -0.299326 -0.299326 | 1.013988e-12
0.4 -0.397873 -0.397873 | 4.267710e-11
0.5 -0.494823 -0.494823 | 7.762917e-10
0.6 -0.589310 -0.589310 | 8.305793e-09
0.7 -0.680314 -0.680314 | 6.161542¢-08
0.8 -0.766681 -0.766681 | 3.496107e-07
0.9 -0.847167 -0.847165 | 1.616469¢-06
1.0 -0.920476 -0.920470 | 6.359381e-06

Table 1(b). Exact and Approximate solution of

Eqn. (16) fora =1

Fig. 1: The approximate and Exact solution of Eqn.
(16) for different value of a

4.2. Example

Consider the nonlinear Fractional Volterraintegro-
differential equation

8VT 3 15
cn3/2 — /2 — 8
D3/2y(¢) I‘Z(%)t ot
+ f t +0)[y()]? dx,

(20)
subject to the initial condition y(0) = y'(0) = 0(21)
Exact solution of Eqn. (20) is y(¢) = t3

Applying Mahgoub transform on both sides of Eqgn.
(20), we have

M[ Dy =M Fi—\g)t% -M (g ts)
2
+M < j t(t +0)[y(0)]? dx).
0

Using Theorem 2.6 and the initial condition (21), we

get
wEARIE @)’z 56w

+M (fft+0y@Pdx)  (22)

Assuming an infinite series solution of the form Eqn.
(9) and Eqgn. (10) in the above equation, we have
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8\/_F() 15r9

Zyn(w TR

+—mM (fo (¢ + 0[50 Ay dx) (23)
Comparing both sides of (23), we have the following
relation

x/_r()

M[.VO (t)] ( ) 3 ;_2%
My ()] = =7 ( [yt + )4, dx)
My (0] = = M ([ (t + 2)A,, dx)

where the Adomian polynomials for the nonlinearity
F(y) = y? are given in Eqn. (19)

Using the above recursive relation, the first few terms
of the MahgoubAdomian decomposition series are
derived as follows:

MO @)
64n1? (3)1(9) 1
() =

7r4( )r2(4)r( )tz

15\> I29 122
+(%) r2 “)201‘(—)“
20 var(3)ror (%)
63r2()r(4)r( )r(17)

64n1? (3)1(9) 1

o @rer®
15\2 T29 122 s
+ (%) I2 (21) 21T (_) L
o EQron)
63 2 ( ) r(4)r ( ) r(1e)

16

15

The approximate solution is

0= 6 f 15 1
e ()
64T (g)r(9) 2 r22

+ £+ (1—5> s tz
mEr@r(s) e rE(g)r(3)
20 Var(3)rer(%)

_5r2( )r(4)r( )r(17)

t16

The exact solution and our approximate solution
obtained by our method corresponding to distinct
values of t are presented in Table 2. Fig. 2 shows the
approximate and exact solution of Eqn. (20)

Table 2: Numerical Solution of Eqn. (20)

t Exact Approx Error
01 | 0.001000 | 0.001000 2.719110e-20
0.2 | 0.008000 | 0.008000 9.650350e-16
03 | 0.027000 | 0.027000 4.550033e-13
04 | 0.064000 | 0.064000 3.647436e-11
05 | 0125000 | 0.125000 1.105616€-09
06 | 0.216000 | 0.216000 1.809660e-08
0.7 | 0.343000 | 0.343000 1.934521e-07
0.8 | 0512000 | 0.511998 1.513145e-06
09 | 0729000 | 0.728991 9.314557¢-06
10 | 1.000000 | 0.999953 4.701856e-05

Fig. 2: The approximate and exact solution of
Eqgn. (20)

Exact

- == -Apprx.

0.8

0.6

y (t)

0.4

0.2

5. CONCLUSION

In this paper, MahgoubAdomian decomposition
method has been successfully applied to find the
approximate solution of nonlinear Volterraintegro-
differential equation of fractional order. This method
gives good and accurate solution when compared with
exact solution. Therefore, our proposed method is very
effective and powerful.
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