International Journal of Research in Advent Technology, Vol.6, No.9, September 2018
E-ISSN: 2321-9637
Available online at www.ijrat.org

A New Class of Analytic Functions with Fekete-Szego
Inequality Using Subordination Method

S.K. Gandhi', Gurmeet Singh?, Preeti kumawat®, G.S. Rathore”, Lokendra kumawat
1345 Department of Mathematics and Statistics,
Mohanlal Sukhadia University, Udaipur(Raj) 313001 (India)
? Department of Mathematics
GSSDGS Khalsa College, Patiala,
(India)
Email: gandhisk28@gmail.com® , meetgur111@gmail.com?
preeti.kumawat30@gmail.com *, ganshyamsrathore@yahoo.co.in*
lokendrakumawat@yahoo.co.on®

Abstract: In this Paper we have introduced a new class of analytic functions and its subclasses by using
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f(z) = z+ X, _,a, z" belonging to these classes.
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1. INTRODUCTION

Let A denotes the class of functions of the form
f2)=z+ ¥ a,z" (1.1)

which are analytic in the unit disc E = {z : |z| < 1]}. Let § be the class of functions of the form Eq. (1.1),
which are analytic univalent in E.

Bieber Bach [7] proved that |a,| < 2 for the functions f(z) € S.
And Lowner[6] proved that |as| < 3 for the functions f(z) € §.
With the known estimates |a,| < 2 and |az| < 3, it was natural to seek some relation between a3 and a,? for

the class §. Fekete and Szego [9] used Lowner’s[6] method to prove
the following well known result for the class S.

Let f(2) €8, then

3 — 4p Jif <0
— na? () .
laz —naz| < 1+ 2¢\= ifo<u<1 (1.2)
4p— 3 Jif p>1

The inequality Eq. (1.2) plays a very important role in determining estimates of higher coefficients for some
subclasses § (Chhichra[10], Babalola[5]).

Let us define some subclasses of S.

We denote the class of Univalent convex functions h(z) = z + X.,_, ¢,z" € A by X, satisfying the condition

((zh'(2)

Re )

>0, ze€eELk (1.3)
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A function f(z) € A is said to be close to convex if there exist g(z) e S" such that

(' @)
Re—g(l) >0, z€E (1.4)

The class of close to convex functions introduced by Kaplan[16], is denoted by C and it was shown by him that
all close to convex functions are univalent.

* _ (@'@) _ 1Az
S(AB)={f(2)e A ; WORRET 1<B<A<1,z€E} (1.5)

Where S"(A,B) is a subclass of S”.

Fekete-Szegd problem for strongly alpha quasi-convex functions was studied by Abdel-Gawad[3]. For
different functions in the class S, the upper bound of |a3 - ua§| has been investigated by many authors

including Goel and Mehrok[12] and in recent times by Al-Shagsi and Darus[4], Hayami and Owa[15], Al-
Abbadi and Darus[1].

Gurmeet Singh et al.[2] introduced the class of inverse Starlike functions for the functions
g(z) = z+X7 , b, z" € A, satisfying the condition

2f(2) ; 2f(2) 1+z
Re (2 fozf(z)dz) >0, ZEE le. P < (1.6)

We introduce the class A of Univalent Starlike functions g(z) =z + X, b,z" € A,
satisfying the condition

daf @) _ 142 .
[ 2f(2) ] =< 1-z a>0; (17)

The subclass of A consisting of the functions g(z) = z + Y5, b,,z" € A, satisfying the condition

z{zf (2)} 1+Az _
[—Zﬂz) <= 1<B<A<1 (1.8)

Here, Symbol < stands for subordination, define as follows:

Principle of subordination:

If f(z) and F(z) are two functions which are analytic in E, then f(z) is called a subordinate to
F(z) in E, if there exists a function w(z) which is analytic in E satisfying the conditions

(D w(0)=0 and  (2) [w(2)| <1
such that f(z) = F(w(z)) ,where ze E and we write itas f(z) < F(z).
We denote the class of analytic bounded functions of the form
w(z) = Yr ,d.z",w(0) =0,|lw(z)| <1 by U (1.9
Here, |dq| < 1, |dy| <1 —|d4]?

2. RESULT AND DISCUSSION:
THEOREM 1.1 : If f(z) € A, then the result
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(10 — 16p Jif s (1.10)
las — pa2| - !2 Jif << (1.11)

|

\t6n—10  ifp=>2 (1.12)

is sharp.
Proof : By definition of A4 ,we have

22 @] _ 142
[—zf(z) < (1.13)

On Expanding Eq. (1.13) we have

l+%azz+(a3 —%a%)zz + ------ =1+2c;z+2(c; +cf)z? +-----
(1.14)

After identifying the terms in Eq. (1.14), we have

las —uajl < [2c, +10¢f —l6pct|

This leads to

lag —pad| < 2+[[10-16p|—2] |es|? (1.15)
Casel: when, p < %, then Eq. (1.15) leads to

las —pal| < 2+(8—16p)leqf? (1.16)
Subcase I(a) : when, p < % then Eg. (1.16) leads to

lag —pa3| < 10— 16p (1.17)

Subcase I(b) : when,p > % then Eqg. (1.16) leads to

las —pa3| < 2 (1.18)
Case Il : when,p > g—, then Eqg. (1.15) leads to

las —unaj| < 2+[16p —(10+2)] lcq (1.19)
Subcase 11(a) : when,p < Z, then Eg. (1.16) leads to

la; —pa3| < 2 (1.20)

Subcase 11(b) : when, p > %, then Eg. (1..16) leads to
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lag —pa3| < 16p-10 (1.21)

Combining subcase I1(a) and subcase I(b), we get

lag —padl < 2 if S<psd (1.22)
This completes the theorem. Therefore the result is sharp.
Extremal function for the first and third inequality is given by
_ z
(@) =50 (1.23)
And Extremal function for the second inequality is given by
_ z
fZ (Z) - (1_22)2 (124)
THEOREM 1.2 : If f(z) € A, then the result
lag — paj3| <
( (A=B)(2A—3B) —4u(A~B)? ,ifug% (1.25)
. 2A-3B-1 2A-3B+1
4' (A-B) I s SMS o (1.26)
| 4wA-B2-(A-B)(2a-3B) ,ifp<ZE4 (1.27)
4(A-B)
is sharp.
Proof: By definition of A we have
z{zf (2)} 1+Az
e <1 (128)
On expanding Eg. (1.28) we have
1 1 2y,2 — 2y 2
1 +toaz+ (az -3 as)zt + ------ = 1+(A-B)cyz+ (A—B)(c, —Bcf)z* +----
(1.29)

After identifying the terms in Eq. (1.29), we have
las —unaj| < [(A-B)(c; — Bef ) + 2 (A —B)?cf —4u(A—B)>ci |
This leads to
laz —naj| < (A-B)+ {[2(A — B)? — B(A — B) — 4u(A — B)*|~(A-B) } ey |
(1.30)

2A-3B
4(A-B)’

Casel: when, p< then Eq. (1.30) leads to
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las —naj| < (A-B) + {(A-B)(24 — 3B — 1) — 4u(A — B)*}cy | (1.31)
Subcase I(a) : when, p < 2:(;3_33_)1, then Eq. (1.31) leads to
las —paj| < {(A-B)2A-3B) — 4u(A - B)? (1.32)
Subcase I(b) : when, p > 2:(_/13_83_)1, then Eq. (1.31) leads to
las —paj| < (A-B) (1.33)
Case Il : when, p > ié:f), then Eq. (1.30) leads to
las — pa3| < (A-B)+ {4u(A — B)>~ (A-B)(2A-3B+1)} |cy 2 (1.34)
Subcase 11(a) : when, u < 22(;3_83“;1, then Eg. (1.34) leads to
las — paj| < (A-B) (1.35)
Subcase 11(B) : when, p > 2:(;3_8;)1, then Eq. (1.34) leads to
lag —paj| < {4u(A—-B)? - (A—B)(24—-3B) (1.36)

Combining subcase I1(a) and subcase I(b), we get

- 2A-3B-1 2A-3B+1
las —naj| < (A-B) , if S < p < En (1.37)
This completes the theorem. Therefore the result is sharp.
Extremal function for the first and third inequality is given by
2(A-B)

fi(z)=z(1+Bz) B (1.38)

Extremal function for the second inequality is given by
f(2) = m (1.39)
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