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Abstract- In this article, we consider generalize relative iterations of entire functions and study comparative
growth of the maximum term of generalize iterated entire functions with that of the maximum term of the related

functions.
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1. INTRODUCTION, DEFINITIONS AND

NOTATIONS

Let f(2) =Xn-pa,z" be an entire function
defined in the open complex plane C. Then M(r, f) =
max, -, |[f(2)| and u(r,f) =max, |a,[r" are
respectively called the maximum modulus and
maximum term of f(z) on |z| =r. The following
definitions are well known.

Definition 1.1 [9] The order p, and lower order A, of
a meromorphic function f are defined as
loglog M (r, f)

pr = lim sup logr

Tr—00

loglog M(r, f)
logr '

and

Ay = lim inf

Notation 1.2 [7] Let log™lx = log(log™ "x) and
exp™x = exp(exp™~tx) for positive integer m
where log®x = x and expl®lx = x.

A simple but useful relation between M(r, f)
and u(r, f) is given in the following theorem.

Theorem 1.3 [8] Let f be a non-constant entire
function defined in the open complex plane C. Then
for0 <r <R,

R
H(T,f)SM(T,f)Sﬁ,U(R,f)

Taking R = 2r, for all sufficiently large values of r
we have

u =M f)szpCrf) @)

Taking two times logarithms in (1) it is easy to verify
that

logt u(r, )

ps = lim sup logr

Tr—00

and

log!® u(r, f)

A =lim inf logr

1r—00
Definition 1.4 [1] Let f and g be two entire functions

defined in the open complex plane C and d € (0,1].
Now we define

f9@) = (1 = g (2) + df (™" 1(2))
and

g(z) = (1 = DF"19(2) + dg (19 2)),

for any positive integer n>2 where fI19l(z) =
(1—-d)z+df(z) and gl 1(z) = (1 — d)z + dg(2).

From the above definition clearly all f£I™9land
g™/ are entire functions.

Recently Banerjee and Dutta [2] Dutta [4], [5]
study some results on comparative growth properties
of the maximum term of iterated entire functions.

In this paper, we study growth properties of the
maximum term of generalize iterated entire functions
as compared to the growth of the maximum term of
the related function to generalize some earlier results.
Throughout the paper we denote by f(z),g(z) etc.
non-constant entire functions of order (lower order)
pr, (), pg, (A5) etc. We do not explain the standard
notations and definitions of the theory of entire
functions as those are available in [6], [9] and [10].

2. LEMMAS
The following lemmas will be needed in the
sequel.

Lemma 2.1 [3] For any two non-constant entire

functions f and g defined in the open complex plane
C!
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1 T <
M <§M (E,g) - Ig(O)I,f> SM(.fog)
<MW, 9).f),
for all sufficiently large values of .

Lemma 2.2 Let f and g be two non-constant entire
functions such that 0 <A < pr <o and 0 <4, <

py < 0. Then for any & (0 < € < min{A;,4,}),

log™ M(r, fIm:9h)

> (Af —€)(1+0(1))logM (Zn T ,g)
+ 0(1),when n is even
and

log[n] M('r' f[n'g )

> (1, —€)(1+0(1)) logM (zn - f)
+ 0(1),whennis odd,
for all sufficiently large values of r.

Proof. Let A, and A, be the lower orders of f and g
respectively, then from Lemma 2.1 we have for all
large values of r and any € (0 < € < min{Af, 1,}),

M(r,f["‘g])
>M (r,f(g["‘lif])) - M(r, g™t 1) + 0(1)
=(1+0M))M (r f(g[“—1=f]))

2(1+0(1))M( ~ gt
— |g[n—1:f](0)| f)
(

> (1+0))M

Therefore
log M (r, f 191y

1 r ,
2 logM (¢ (E,g[n‘l’f]),f>+0(1)

Ar—e€
r f
> _M T gn-1r] ]
= [16 29 )
+0(1),

1 r
_ [n-1;f]
16M g ). f)

logl?l M (r, fImal)
r ) 1
> (4 —€) logM(E,g[”_l'f]) + logE + 0(1)
= (4 — €)1+ 0(1)) logM(g,g(f["‘Z"g]) +0(1)
> (3 ~ €)1+ 0(1) l0g M (5 My, fr~29)
—|fin=291(0)], ) + 0(1)
r 2,
(?' £l g])]

1
> (4 —€)(1+0(1) [RM
+ 0(1),

Ag—e€

logB®! M (r, f:91))

> log(Ar —€) + (1, —€)lo iM _, fin-2)
=08 g Bl16 \22

+ 0(1)

(Ag - 6) log [M (%,f[n—Z;g])]
+ 0(D),

v

Proceeding as above we get

log™ M (r, f ™91

> (2 —€)(1+0(1))logM (zn 1,g)
+ 0(1),when n is even

Similarly for odd n, we get

log™ M (r, fIm91)

T
> (1, —€)(1 + 0(1)) logM (Ff)
+ 0(1).
This proves the lemma.

Lemma 2.3 Let f and g be two non-constant entire
functions such that 0 < A < pf < and 0 < 4, <

py < 0. Then for any & (0 < € < min{A;, 4,}),

log™ u(r, f™9T)
> (A —€)(1+0(D) logM( —.9)

+ 0(1),when n is even
and

log™ u(r, fI91)
> (15— €)(1+0(1)) logM (zn f)

+ 0(1),whennis odd,
for all large values of r.

Proof. From (1) we get,

1
u@r,f) = 3 M(r, ).
Hence
logu(r.f) = logM (3.f) +0(.
The Lemma 2.3 follows from (2) and Lemma 2.2.
This proves the lemma.

3. THEOREMS
Theorem 3.1 Let f and g be two non-constant entire
functions such that 0 <A < pf <o and 0 < A, <

pg < . Then for any positive number A and every
real number «,

(i)
log[n] ,Ll(?”,f[n;g]) _
row {loglog (4, /)@

and

(i)
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logt™ u(r, Fmaly 3
roe (oglog u(r™, gy e

Proof. If @ < —1 then the theorem is trivial. So we
suppose that ¢ > —1 and n is even. Then from
Lemma 2.3 we get for all sufficiently large values of r
andany e > 0

log[n] u ('r';f[n:g])

> (A —&)(1+0(1)) logM (Zr—n,g) +0(1)
Ag—€

> (1 —&)(1+0(1)) (Zr—n)

+0(1). 3)

Again from Definition 1.1 it follows that for any
€(> 0) and for all large values of r,

{loglogu(r®, f)3'*«
< (pf + €)1+a A1+a (lOgT)1+a. (4)

From (3) and (4) we have for all large values of r and
any £(0 < & <min{As, A4},

log™ u (r,f[n;g])
{loglogu(r4, Oy«
(A — &) +0()
(pf + g)1+a A1+a(10g r)1+a
(A =)t N
(pf + €)1+a A1+“(10g7')1+a

> (1+0(D)

>(1+0(1) o(1).

Since € > 0 is arbitrary, therefore

log[n] “(‘r’f[n:g])

% fogloguGr, Jee ©
Similarly for odd n we get
log™ u (r;f[n:g])
> (1, - €)(1+ 0(D) (zr—n)lf -
+0(1) (6)

Hence from (4) and (6) we have the equation (5) for
odd n.

This proves (i).

The second part of the theorem follows similarly by
using the following inequality instead of (4)

{loglogu(r®, g)}"** < (py + &)™** A™* (logr)'*<,

for all large values of r and arbitrary £ > 0.
This proves the theorem.
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