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Abstract: The heat equation is of fundamental importance in diverse scientific fields. Heat is a form of energy that
exists in any material. For example, the temperature in an object changes with time and the position within the
object. In this paper Generalized Heat equation generated by two dimensional 1 -difference operator.
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1. INTRODUCTION

In 1984, Jerzy Popenda [6] introduced the
difference  operator A, defined on u(k) as
Au(k)=u(k+1)—au(k) . In 1989, Miller and Rose [5]
introduced the discrete analogue of the Riemann-
Liouville fractional derivative and proved some
properties of the inverse fractional difference
operator ( [2],[3] ). Several formula on higher order
partial sums on arithmetic, geometric progressions
and products of n-consecutive terms of arithmetic
progression have been derived in [7]

In 2011, M.Maria Susai Manuel, et.al, [4]
extended the operator A, to generalized o—difference
operator as Agqyv(k) = v(k + 1) — av(k) for the real
valued function v(k).The generalized difference
operator with n-shift values 1=(l;,l, l,*-+,1)#0 on a real
valued function v(k): R"—R is defined as

A(U = V(k1 + ll,kz + 12, ...... ,kn + ln)

—v(ky, kg onnn, ky)

A linear generalized partial difference equation is of
the form Agyv(k)=u(k), then the inverse of
generalized partial difference  equation
v(k)=A" u(k), (1.1)
uk): R"> R is given f unction, A function
v(k): R"— R satisfying (1.1) is called a solution of
Equation (1.1). Equation (1.1) has a numerical
solution of the form
v(l)—v(k-m )= (Z7, utk — ) (1.2)
where  k-rl =(k;—rl; koL, -k~ L,), m is any
positive integer. Relation (1.2) is the basic inverse
principle with respect to A,

Partial difference and differential equations
take vital role in Heat equation. To reach partial
differential equation from Partial difference equation.
We need to introduce an operator called generalized
two dimensional difference operators which is
defined as

A,y = viky + 1, ko + 1) — v(ky, ko)
For real valued function v(k,, k,) the equation

f (A(ll,lz):A(ll,o)'A(lz,O)) v(ky, k) =0

1.1. Generalized Discrete Heat equation
Consider the temperature of a very long rod.
Assume that the rod is so long that it can be laid on
top of the set & of real numbers. Let v(ky,k,) be
the temperature at the real time k; and  real
position k, of the rod. At time k, if the temperature
v(kq, ky — 15),1, > 0 is higher than v(kq, k), heat
will flow from the point k, — 1, to k,. The amount
increase is v(k, +,k,) —v(ky, ky) and it is
reasonable to postulate that the increase is
proportional to the difference v(ky k, —1,) —
v(ky, ky) say o6v(ky, k, — 1) —v(ky, k) Where §
is a positive diffusion rate constant.
v(ky + U, ky) —v(ky, k) = S[vky by, — 1) —
v(ky,k,)],6 >0 1.3
A(11,0) v(ky, k) =6 [A(O,—lz) v(kq, k3)]
5= v(ky + 1y, ko) —v(ky, k)
v(ky, ky — 1) — v(ky, k2)
_ (ky + 4 + k) — (ky + k3) _ _1_1
(kl + k2 - 12) - (kl + kZ) l2
Substituting § value in equation (1.3) we get,
(ke + 4 + kp) — (kg + k)

= —:—1[(]{1 +ky —1,) — (ky + k3)]

ly ly

L L
Equation (1.3) is a model of simple heat equation.
Where k, and k, are variables and |, and 1, are
Parameters, where 1;,1, = 2.
Two dimensional 1-heat equation with variable
coefficient is defined as
v(ky + b, k) —vlky, ko) = 6(ky, k2)
[w(ky, by — ) — v(ky, k2)], 8(ky, ko) >0 (1.4)

Where 6 is a function of k, and k,. The value of

!
6(k11 kZ) = _é
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Theorem: 1.1.1
From equation (1.3) we have, since Ayl
is linear
v(ky, k) = 5A(_11,0) [Aco,-1,) V(k1, k)]

Proof: From experimental value, we take
A(0,—12) vk, ky) = u(ky, k)
(1.5)

v(ky, ky) = 5A(_1},0)[ u(ky, k3]
Replace k; by  k; —rl; in equation (1.5) we get
v(ky, ky) = 8 Xitiu(ky — 1l ky)
We have wv(kq, k,) — vk, — mly, ky)
= 6 Yrtiu(ky —rly, ky) (1.6)

In equation (1.6) u(k, —rly,k,) is obtained by
replacing k; by k; —rl; in (1.5) and Substituting
(1.5) in (1.6) we get,
v(ky, ky) — v(ky —mly, ky)
= 6 Xrz1 80—, [V(ky — 71, ko))
v(ky, ky) — vk, —mly, k)
= 0 X7y [v(ky — 1l ko = ) —v(ky — 7l ky)]
(1.7
Equation (1.7) is a numerical solution of equation
(1.3)
Corollary: 1.1.2

From equation (1.4) we have, since A(‘lilz)
is linear

v(ky, ka) = 8(ky, k2) A(_11,0) [A¢o,-1,) v(ky, k2)]

Proof: Replace § by &(kq, k,) intheorem (1.1.1)
Example: 1.1.3
Take ki=3k,=44L,=21,=2m=2 ,
Sz—g -1 in(1.7)

(ks + ’fnz) = (ky —mly + ky)

= 6 ) (U =1l + ks =) = (k= 7l + Ky)]
r=1

4=4

Theorem: 1.1.4
Let 6 €R, ki, k, be the variables and
1;, L,be the difference operator, then

v(ky, k) = v(ky +mly, ky)

1
a-em
)
—z a=sr v(ky + (r =Dl ky — 1)

Proof:
Consider the two dimensiona 1-difference
heat equation,
v(ky + 1, k) —v(ky, k)
= 5[”("1, ky —1,) —v(ky, kz)]
v(ky + 14, k) — S[v(ky, ky — )]
=1 -08) vk, k2)

v(ky, k) = vk + 1, ky)

(1-8) 5)

— o vk, = 1) (L9)
Replace k, by k; + 1, inequation (1.8) we get,

1

vik, + 1,k =—vk + 21,k
( 1 1 2) ( 5) ( 1 1 2)
— a5 5) vk, + 4,k — 1) (1.9

Substituting equation (1.9) in (1.8) we get,

U(kl, k2) a 16)2 U(kl + 211, 2)

1)
_W v(kl + ll‘ k2 - 12)
) 6) v(ky, ky — 13) (1.10)
Replace k, by k; + 21, in equation (1.8) we get,

1

U(k1 + 2].1, kz) = ﬁ U(kl + 311, kz)
. 5) v(ky + 21,k — 1) (1.12)

Substituting equation (1.11) in (1.10) we get,

1
v(ky, kp) = 1-0)° v(ky + 3L, k)

1)
_m U(kl + 2].1, kz - 12)

(1 6)2 v(kl + lll k2 - 12)

~ g vk = 1) (112)
In General,

v(ky, k) = v(k, +mly, k)

1
( —&Hm
re1 e 6)T vky + (=Dl k=) (1.13)

Corollary: 1.1.5
Let & € R, ki, k, be the variables and
1,, L,be the difference operator, then

v(kl' k2) =

re1(1 =38 (ke + (r = Dy, k)
v(k, + mly, k)
VOl + = Dl ky)
Z [I5=1(1 = 6(ky + (s = Dy, ky))
vk + (r— D,k — 1)
Proof: Replace § by &§(kq, k,) intheorem (1.1.4)

Example: 1.1.6
Take k1—3k2—4,11:2,12:2,m:2 y
6= _1_ =-1in(1.13)
2
1
(ky +ky) = W (ky + ml + k3)
i [(1 DG (ky + (r = Dy + ky — )]

3+4—275+425
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Theorem: 1.1.7
Let 6 €R ki, k, be the variables and
1,, 1, be the difference operator, then

v(ky, ky) = =) vk + 1, k)

_Wv(kl + mll, kz - ].2)
2

1)
+Zm v(k, + (r— D, k, — 21,)
r=1

Proof:
Consider the two dimensiona 1-difference
heat equation (1 8), we have

V(k1:k2) 15 v(ky + 1y, ky)
R 5) v(ky, ky — 1)
Replace k, by k2 — 1, in equation (1.8) we get,
U(kpkz )= RS 5) vk, + 1,k — 1)
e a) v(ky, ky — 21,) (1.14)
Substituting equatlon (1.14) in (1.8) we get,
v(ky, k) = o 5) v(k, +l1: k;) — m
vk, + 1,k — L) +— = 5)2 v(kq, ky — 21,) (1.15)
Replace (kq,k;) by (ki +1;,k, —1,) in equation
(1.8) we get,
v(k1 ke = ) = o vl + 20,k — 1)
e a) vk, + 1,k —21,) (1.16)
Substituting equatlon (1.16) in (1.15) we get,

V(ki, k,) = -0 v(ky + 1, ky)

(1 5)3 v(kl + 2].1, k2 )

52

(1 5)3 v(kl + ll' k2 2[2)
+—— - 6)2 v(ky, k, — 21,) 1.17)
Example: 1.1.9
Take k1:3k2:4,11:2,12:2,m:2 y
6= —11in(1.20)

Z

(k1 +ky) = —= (ks +1; + k)

(1- 5)
8
- (1- 5)(m+1) (kl

2
+2Xm 1m(k1 + (@ —Dh +k; —21)

1
3+4:1—(3+2+4)

GB+4+4—2)+]

-n?
+(1+1)3(3+2+4—4)]

34+4=45+1125+0.75+0.625

+m11+k2— )

(-1)?
(1+1)2

GB+0+4—4)

(1+1)3

Replace (kq,k,) by (ky + 21, k, — 1) in equation
(1.8) we get,

v(kl + 2[1, kz - I. ) = v(kl + 3[1, kz - 12)

1
(1-6)
me 5) vk, +21,k, —2,) (1.18)
Substituting equatlon (1.18) in (1.17) we get,

v(ky, k) = -5 v(ky + 1, ky)
(1 6)417(](1 + 3].1, kz )
+ . 6)4v(k1 + 2, k, — 21,)
(1 6)3 v(kl + ll‘ k2 2[2)
+(1 BE v(ky, ky — 21,)
(1.19) In General,
1
v(ky, ky) = ( ) v(ky + 1, ky)
_Wv(kl + mll, kz - 12)

2
+2s 1m vk, +(r— Dl k; —21,)
(1.20)
Corollary: 1.1.8
Let 5§ €R ky,k, be the variables and
1;, L,be the difference operator, then

1
v(ky, k) = mv(/ﬁ + 1, k)
8 (ky, k2)

(1 =8k, k) 7 (1= 6(ky + (r = Dk, — 1,
v(kl + mll, kz - 12)

S S(ky, k)8, + (r— Dy, ky — 1)
+) A

8(ky, ko)) 521 (1 = 6(Cky + (s — Dy, ky — 1,

U(k1 + (T - 1)[1, k2 - 2].2)
Proof: Replace § by &§(kq, k,) intheorem (1.1.7)

7=7

2. CONCLUSION:

This equation can be applied in solving the
heat flow that is related in science and engineering.
The accuracy in using difference method is more
reliable rather than using other method. In this paper
Generalized Heat equation generated by two
dimensional 1 -difference operator.
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