International Journal of Research in Advent Technology, Vol.7, No.8, August 2019
E-ISSN: 2321-9637
Available online at www.ijrat.org

Construction of different structures of 4-Regular Planar
Graph with odd region and even region
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Abstract- In this present work we have discussed the
construction of a structure of the 4-regular planar graphs for
G(2m+2,4m+4) where m>2. Based on our proposed structure
we have stated one theorem on odd regions of 4-regular
planar graphs. The experimental results and proof of the
stated theorems have also been provided.
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I. INTRODUCTION

Various researchers have been working on Regular planar
graphs from different perspective. A Michael et al [1] have
discussed an infinite class of connected 4-regular planar
graphs which are not 3-connected and do not admit a
realization as a system of circles. Shon Moo Young [2] have
proposed that the regular planar graphs with diameter two
are classified. Dutta Anupam et al. [3] have discussed regular
planar sub graphs of complete graphs and their various
application. The minimum vertex cover of a class of regular
planar sub-graphs H(2m+2,3m+3), K(2m+2,4m+4) for m>2
and J(2m+2,5m+5) for m>5 obtained from the complete
graph K2m+2 had already been discussed by Kalita et.al [4].
They have developed an algorithm to find the minimum
vertex cover of these types of regular planar sub-graphs.
They have also provided the application of the same on
minimum vertex cover to reduce the power consumption of
sensor network. Kalita et al[5] have discussed the
construction of the structures of three regular planner graphs
from the graph G(2m+2,3m+3) for m>2. They have studied
its numbers of even and odd regions. They have also
developed an algorithm and provided an application of it in
region based. Ackerman Eyal et al [6] have proved that if an
n-vertex graph G can be drawn in the plane such that each
pair of crossing edges is independent and there is a
crossing-free edge that connects their endpoints, then G has
O(n) edges. Graphs that admit such drawings are related to
quasi-planar graphs and to maximal 1-planar and fan-planar
graphs. Yu Yong et al [7] have proved that planar
graph G with maximum degree A > 12 that the (2,1)-total
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labeling number 42(G) is at most A + 2. Hasheminezhad
Mahdieh et al discussed that the 5-regular simple planar
graphs can all be obtained from an elementary family of
starting graphs by repeatedly applying a few local expansion
operations. The proof uses an amalgam of theory and
computation. By incorporating the recursion into the
canonical construction path method of isomorph rejection, a
generator of non-isomorphic embedded 5-regular planar
graphs is obtained with time complexity O(n?) per
isomorphism class.

In most of the literature, it is seen that almost all the

works have been done on planar graph and regular planar
graphs. Very few works are seen to be done on 3-regular
planar graph and 4-regular planar graphs. But in the literature
hardly any work is seen on odd region and even region of
4-regular planar graph. But the regions are used in different
map coloring, image processing and biological diversity.
Graph theory is used in biology and conservation efforts
where a vertex represents regions where certain species exist
and the edges represent migration path or movement between
the regions. This information is important when looking at
breeding patterns or tracking the spread of disease, parasites
and to study the impact of migration that affects other
species. Therefore, in the present work we propose two new
theorems on the odd region and even region of 4 —regular
planar graphs.
Section 1 includes the introduction which contains the works
of another researcher. Section 2 includes the definition.
Section 3 contains two theorems which are stated and proved.
Section 4 includes discussion of odd region which covered by
only three edges and Section 5 includes the conclusion.

Il. DEFINITION

Region: An area covered by a number of vertices with edges
is known as a region. A region is two types —inner region and
outer region. The inner region are two types — odd region and
even region.

Odd Region: If a region is covered by odd number of vertices
and odd number of edges than it is called odd region.

Example
A

B C
Figure 1: (bounded by odd number of edges)

Even Region: If a region covered by even number vertices
and even number edges, called even region. Example-
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C D
Figure 1: (bounded by Even number of edges)

Construction of Four Regular Planar Graphs: There are so
many structure of 4 regular planar graphs. In this paper we
focus only one type of structure for discussing the odd region
and even region of the graph.

I1l. OUR WORK

For the graph G(2m+2,4m+4) where m>2, we construct the
structures-1, structure-2 of Four-regular planar graphs in the
following ways-

Structure-1:
Let G be a graph having (2m+2) vertices and 4(m+1) edges
for m>2.

For m=2, G contains six vertices {vi,V,V3,V4,Vs,Vs} and

twelve edges. Let us join these six vertices by twelve edges as

follows:
<(v)= | v forl1<i<5

vy fori=3

vas fori==6

and < (vj) = vjsz for 1 <j <3
and o (vp) = vpu for 1 <p<2

Then we have the edge set {vi V2 ,V2 V3 ,V4 V5 V5 Vg ,V3 V1 ,V
6V4,V 1V4,V2V5,V3Ve, V1Vs, VoVe, V3V4,} and we obtain a graph
[ Figure-3], which is planar and regular of degree four.

W1y

Figure 3: Four regular planar graph for m=2
From the above graph [Figure-3] we observed that it has
seven odd regions (each bounded by three edges) and there is
no any even edges.
For m=3 vertex set is {vi,V2,V3,V4,V5,V6,V7,Vs} i.e eight

vertices and sixteen edges. Let us join eight vertices with
sixteen edges by the following rule.

o(vi) = ((vis1 for 1<i<7
vy fori=4
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vs for i=8

and x(vj) = vju for 1<j<4
and x(vp) = vpss for 1<<3

Then we have the edge set{viVz,v2 V3,V 3V 4,V 5V 6,V 6V7,V7 Vg,V
4V 1,V gV 5V 1V 5V 2Ve,V 3V 7,V 4V g} and we obtain a graph
[Figure-4], which is planar and regular of degree three.

Vi

e

Vi

For m=3 vertex set is {vi,V2,V3,V4,V5,V6V7,Vs} i.e eight
vertices and sixteen edges. Let us join eight vertices with
sixteen edges by the following rule.

«(vi) = | vin for 1<i<9
1 for i=5

ve for i=10

and «(vj) = vjss for 15j<5
and «<(vp) = vpss for 15j<4

Then we have the edge set{viV2,v2 V3,V 3V 4,V 5V 6,V 6V7,V7 Vg,V
4V 1,V gV 5V 1V 5V 2Ve,V 3V 7,V 4V g} and we obtain a graph
[Figure-4], which is planar and regular of degree three.

V3 Va

For m=3 vertex set is {vi,V,V3,V4,V5,V6V7,Vg} i.e eight
vertices and sixteen edges. Let us join eight vertices with
sixteen edges by the following rule.

o«(vi) = | via for 1<i<11
v1 for i=6

v7 for i=12
22
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and x(vj) = vj+s for 1<j<6
and x(vp) = vps7 for 15j<5

Then we have the edge set{viV2,V2 V3,V 3V 4,V 5V 6,V 6V7,V7 Vg,V
aV 1,V gV 5V 1V 5,V 2Vg,V 3V 7,V 4V g} and we obtain a graph
[Figure-4], which is planar and regular of degree three.

@

Va

Similarly we can construct regular planar graph of degree
three having odd and even regions for m=6,7,8,9----and
hence we can generalize the above cases by the following
rule for constructing the graph.

For the graph G having 2m+2 number of vertices and 3(m+1)
edges for m>2, we define

«:: VG—VG such that
(V)= | v for 1<i<2m+1

v1 for i=m+1l

Vim for i=2m+2

and x(v;) = vj+(m+1) for 1<j<m+1
and x(vp) = Vprams2) fOr 1<p<m

The experimental results of three regular planar graph
G(2m+2,3m+3) of structure-1 for different values of m>2 are
shown in Table-1

8 18,36 |19 | O 19 18 1
9 20,40 |20 |1 21 20 1
10 2244 |23 |0 23 22 1
11 2448 |24 |1 25 24 1
12 2652 (27 |0 27 26 1

Value | Graph No No of Total No of No of
of m (V,E) of Even Region | Regions Regions
Odd | region covered (odd or
regi by three | even)
on edges covered by
other than
3 edges
2 6,12 7 NIL 7 7 0
3 8,16 8 1 9 8 1
4 10,20 |11 | O 11 10 1
5 12,24 | 12 1 13 12 1
6 1428 |15 |0 15 14 1
7 16,32 | 16 1 17 16 1
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From the following results we find a theorem.

Theoreml: The odd region of 4-Regular planar graph
G(2m+2,4m+4) is 2m+3 when m=2p for p>1 and 2m+2
when m=2p+1 for p>1.

Proof of the theorem by using mathematical induction:

Proof: It has been proved [3] that the sub-graph
H(2m+2,4m+4) for of the complete graph Kam+ is planar and
regular of the degree 4.We now proceed to prove that the
regular planar graph H(2m+2,4m+4) has odd region 2m+3
for m =2p and 2m+2 for m=2p+1 for p>1. It is found that the
result is true when m=2 and 3.That is, when m=2 for p=1, the
graph H(6,12) has odd region 7 and the graph H(8,16) has
odd region 8 when m=3 for p=1 which is shown from
figure-4 and figure-5.

Fig-4:For m=2 odd region is 7

Vi

Va
OR "
Vs~ _—— TDRvs

O

ER
OR

Fig -5 For m=3 odd region is 8
(For both Fig 4 and 5 OR means Odd Region)
The 1% part of the theorem claims for the even value of mis
that if m=2p and p>=1 then Odd Region OR(m) = 2m+3 and

the difference between the odd regions is always 4 for two
consecutive values of p.
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Now, OR(m) =2m + 3

Therefore , when p =1,2, we have m=2p ,So
ORp=1 (2%x1=2) = ORp=1 (2) =2x2+3 =7
ORp=; (2x2=4) = ORy=, (4) =2x4 +3=11
ORp=3 (2%x3=6) = ORy=3 (6)= 2x6 + 3 = 15
Proceeding in the same manner, we get,
ORp1 (2(p-1)) = 2(2p-2)+3=4p-1
ORy, (2p) = 2x2p+3=4p+3
From above results, the differences of the successive
odd-regions is found as,
ORp=2 —ORp=1 =11-7=4
ORp=3 —ORp=2=15-11=4
Proceeding in the same manner, we get,
ORp=p — ORp=p1 = (4p+3) - (4p-1)
= 4p+3 —4p+l
=4
Hence the theorem is true for all p>1but had to prove for p+1
getting the generalization,

Now
ORp=p+1(2x(p+1)= 2(2p+2)+3
:4p+4+3
=4p+7
Now
ORp=p+1 — ORp=p = (4p+7) — (4p+3)
= 4p+7-4p-3
=4
Since the theorem in true for p and and for p+1 and it
evidently proved true for p=1,2,3. Hence the 1% part of
theorem is true for any value of p>1.

The 2™ part of the theorem claims for the odd value of m is
that if m=2p+1 and p>=1 then Odd Region OR(m) = 2m+2
and the difference between the odd regions is always 4 for
two consecutive values of p.

Now, OR(m) =2m + 2

Therefore , when p =1,2, we have m=2p +1,So
ORp=1 (2%1+1=3) = ORp=1 (3) =2x3+2 =8
ORp=2 (2%2+1=5) = ORp=2 (5) =2x5 + 2 =12
ORp=3 (2%3+1=7) = ORp=3 (7)=2x7 + 2 =16

Proceeding in the same manner, we get,
ORp=p1 (2(p-1)+1) = ORp=p1 (2p-1)=2(2p-1)+3
=4p-2+3=4p+1
OR;, (2p+1) = ORp=p (2p+1)=2(2p+1)+3=4p+2+3
=4p+5

From above results, the differences of the successive
odd-regions is found as,
ORp2 —ORp=1=12-8=4
ORp=3 —ORp=2=16-12=4
Proceeding in the same manner, we get,

ORp:p - ORp:p»l = (4p+5) - (4p+1)
= 4p+5-4p-1
=4
Hence the theorem is true for all k>1but had to prove for k+1
getting the generalization,
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Now
ORp=ps1(2X(p+1)+1)= ORp=pi1 (2p+3)=2(2p+3)+3
=4p+6+3
=4p+9
Now
ORp=p+1 — ORp=p = (4p+9) — (4p+5)
=4p+9 —4p-5
=4

Since the theorem in true for k and and for k+1 and it
evidently proved true for k=1,2,3. Hence the 2" part of
theorem is true for any value of k>1.

I11. Discussion:

Maximum Regions covered by three edges: The experimental
results of structure of four regular planar graph
G(2m+2,4m+4) for different values of m>2 are shown in
Table-2. From the above table we observed that for m=2,
sub-graph covered by 3 edges =7 and other region covered by
more then 3 edges =0. Again for m=3,sub-graph covered by 3
edges=8 and other region covered by more then 3 edges =1.
Again for m=4, sub-graph covered by 3 edges =11 and other
regions are covered by more then 3 edges =1. Again for m=>5,
sub-graph covered by 3 edges =12 and other regions are
covered by more then 3 edges =1.

From the above observation it is seen that the maximum
region of the structure of the graph are covered by three edges
and maximum other than three edges covered is only one.

From the above results, it is clear that the number of regions
covered by the three edges change with the change of the
values of 'm', let it be f(x), and it is seen that number of other
regions covered by other edges remain oscillated 1
irrespective the values of m. Hence the total regions obtained
by the edges will be f(x) + k, where k is 1. But if the graph is
very large and many edges are involved at that situation, the
regions covered by the three edges will be distinctly high but
k remains at 1 which can be neglected as it becomes so small
as compared to the large value of m and f(x). so if we
ignored the region which are covered by more than three
edges then we can state that the structure of the graph
G(2m+2,4m+4) region are covered by 3 edges.

IV. CONCLUSION

The above discussion is useful for the researchers of different
fields like: mathematical science, region-based segmentation,
biological diversity, region-based map coloring etc. , as the
theorems discussed here justified our claims that the odd
region of 4-Regular planar graph G(2m+2,4m+4) is 2m+3
when m=2p for p>1 and 2m+2 when m=2p+1 for p>1.
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